KE®AAAIO 1°: OPIO — $YNEXEIA YNAPTHZHX

1.1 IPAI'MATIKOI APIOMOI
1.2 YYNAPTHXEIX

1.'EoTtw A éva uttooUvoAo Tou R . TiI ovouddoupe TTpayHaTIK ouvdpTnon e medio opiouoU To
A;

Amévinon: (2005 EZM. B", 2018B, 2019)

‘Eotw A éva utmrooUvoAo Tou R. Ovopdloupe mpaydaTIKR ouvdptnon pe tedio
opiocpoUu 1O A pia diadikacia (kavova) f , pe TRV omoia kABe oTOIXEiO X€E A
AvTIOTOIXiCETAI O€ €va POVO TTpayPaTIKO aplBud y. To y ovopddetal TIA Tng f oTO X KaI

oupBoAiletar e f(x).

ZXOAIa :
MNa va ekppdooupe Tn diadikacia auth, ypagouue: F:A—->R, x— f(X).

e To ypdupa X, TOU TTAPIOTAVEI OTTOIOONTTOTE OTOIXEiI0O TOUu A AféyeTal avegdprnTn
MeETABANTA, evw TO ypduua Yy, TTOU TTapIoTAvel TNV TIWA TNG f aT1o X, AéyeTal e§apTnuévn
MeTABANTA.

e To medio opiopou A Tng ouvapTtnong f ouvBwg oupPoAifeTal pe D, .

e To ouvoAo TTou £x€l yia aToixeia Tou TI¢ TIWEG TNG f 0e O6Aa Ta X e A, AéyeTtal oUuvoAo
TIHWV TG f kar oupBoAiletal pe  f(A). Eivar dnAadn:

f(A)={y|y=f(x) yiakamoio xe A}.

2. Ti Aépe ypOa@IKN TTAPAOCTAON HIOG OUVAPTNONG f HE TTEdiO OPICHOU TO GUVOAO A ;

Atmdvrnon :

Mpagikn TTapdotacn TnNG fAEME TO OUVOAO Twv Onueiwv M(x,y) yia Ta oOTroia 10XUEl
y = f(x), dnAadrf To OUVOAO TwWV ONUeEiWV M(x,f(x)), HE xeA.

ZxO6Aia :
e H ypagikr TapaoTtaon g f kal aupBoAi¢eTal ouvrBwg pe C. .

e H egiowaon, Aoimmdv, y =f(x) emaAnBevetar povo amoé Ta onpeia ng C,. ETopévwg, n y = f(x)
eival n egiowon Tng ypa@ikAg TTapdcTtaong Tng f.

e Emeidn kdBe xe A avtioToixifetalr og €va pyévo yeR , dev utmrdpyxouv onueEia TnNG
ypao@IkAg TTapdoTtaong tng f pe Tnv idia TeTunuévn. AuTo onpaivel 0TI KABE KATAKOPUOPN
euBeia €xel ye TN ypa@ikn TapdoTtacn tng f 1O TTOAU €va Koivd onueio (Zx. 7a).

‘ET01, 0 KUKAOG &€V aTToTeEAET YPAPIKN) TTOPACTACN OUVAPTNONG (ZX. 7B).
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e Orav divetal n ypa@iki mapacTtacn €, piag ouvaptnong f, 161e :
a) To medio opiopoU Tng f eival To GUVOAO A Twv TETUNUEVWY TwV onUEiwy TG C; .
B) To oUvoho Tipwy Tng f eival To cUVoAo f(A) Twv TETAYPEVWY TWV oneiwy TG C, .
Y) Hniu ing foto x, € A eivai n TeTayuévn Tou onpeiou Toung TG eubeiag x = x, Kal NG C,

(2x. 8).
y y X=Xo
E Ct
flo)l - A1)
Ol Ol )I(o X

(@) #) )

e Ortav divetal n ypagikA mapdatacn C,, piag auvaptnong f ymopodlpe, emiong, va
oXeDIAO0UNE KAl TIG YPOPIKEG TTAPACTACEIG TWV ouvapTAcewy —f kai |f].

®

y=f(x)

7

a) H ypagiki mapdotaong tng ouvdptnong -—f  gival
OUMHETPIKA, WG TPOG Tov dafova x'x, TNG YPOAGIKAG N
mapdoTtaong tng f, yiaTti amoteAcitar amé TO OnuEia 5 y — *
M'(x,—f(x)) TTOU gival CUPMPETPIKA Twv M(x,f(x)), WG TTPOG /\\j/ \\
TOoV dgova x'x. (ZX. 9). / M(x=F(0) \

N M(x.f(x))

\y=-f(x)

AN
B) H ypagikn TapdoTtacn Tng | f| amoTteAcital amd Ta y=If 00l N y=f(x)
TuAuara Tg C. Tou Bpiokovral TAvw amd Tov dgova \\\
x'x KAl ammd To CUMMETPIKA, wG TTPOG TOV Agova x'x, 0/ X
TWV TUNUAtwyv g C, Tou Ppiokovtal KATw aTo TOoV
a&ova autov. (Zx. 10). /

v) H ypagikr TrapdoTtacn tng cuvdptnong Y = f(—X) eivar cuppetpikr wg Tpog Tov Ggova y'y TNg
yPAQIKAS TrapdoTtacng Tng ouvaptnong Y = (X).

3. Na XapdgeTe TIG YPAPIKEG TTAPACTACEIS TWV BACIKWY CUVAPTHOEWV
Q) f(X)=ax+p B) fF(X)=ax’, a=0 y) f()=ax®, a=0
8) f()=", a0 £) 100 =x, g0 =+

Amrdavrinon :

O1 ypa@ikég TTAOPACTACEIS @AivovTal TTAPAKATW :



a) H moAuwvupikn ouvdptnon f(x) =ax+ g
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B)H ToAuwvupiki ouvaptnon f(X)=ax®, a#0.
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4. Na XOpAEeTE TIG YPUAPIKEG TTAPACTACEIG TWV TTAPOUKATW CUVAPTACEWYV :
a) f(x)=nux , f(x) = covx f(x) = epx

B) f(X)=a", O<a=1l y) f(x)=logx, O<a=1

Atmdvrnon :

O1 ypa@IkéG TTOPACTACEIS QAiVOVTAl TTAPAKATW :

a) O1 piywvikég ouvapTthoels : T (X) =nux, f(X)=ocvvx, f(X)=egpx
______ o
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YTrevBupiCoupe 611, ol ouvaptioelg f(X) =nux kai f(X) = ocvvx gival TEPIOBIKEG e TTEPIODO

T =27, evw nouvaptnon f(X) = egx eival TePIOdIKA pe TTEPiodo T = 7.

B) H ekBeTikry ouvdptnon f(x) =a*,

O<a=#1.
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YTrevBupifoupe 61 :

e Ava>1,161e: @t <a” < X <X,

e AvO0<a<l,101E: @" <™ < X > X,



y) H AoyapiBuikr) ouvaptnon f(x)=log x, O<a=1

1816TNTEQ

v v
1*7/ 13-
| |
i L\
0 1 «a X ol « \ X
a>1 (@) 0<a<l B
1)logx=y=a =x
log, x
=X

2) log a* = x Kal a

3) log,a=1 kai log,1=0

4) log,(x,x,) = log x, +log X,

5)log, {%j =log x, —log, X,

2

6) log x; = xlog x,

7)Av a>1,107€: log X, <log x, X <X, ,evw av O <a<1, log x, <log x, <X >X, .

8) a* = ™, apoU a=e".

5. MNoéTe duo ouvapTnoeig f,g AéyovTal iOEG ;

Amdavinon: (2007, 2008 OMOTI, 2012 B", 2016)

AUo ouvaptioeig f kalr g Aéyovtal ioeg dTav:

e £XOUuV TO id10 TTEdiI0 OpICHOU A Kal

e YIO KGBe X € A 1oxUel f(X)=g(X).

ZxO6Aia :

> ‘Eotw o1 ouvaptrioeig T 1A >R kai g:B—> R kai I' éva ummoolvolo Tou AN B. Av yia
KGBe x e ' eival f(X) = g(X), 161€ Aépe 61 o1 ouvaptroeg f kal g eival ioeg ato oUvoAo I,

> Ta va e€etdooupe av duo ouvapTtioeig f, g cival ioeg, TTPETTel TIPWTA VA EETACOUNE AV £XOUV
10 id10 TTedio opiopoU A kai UoTepa va eAéyEoupe av T (X) = g(X) yia kaBe X € A..

» Orliogg ouvapTnoEIg €Xouv TNV idla ypa@IKh TTapacTaon.

»  Eival AdBog va 1Touue 0TI «duo cuvapTroelig AéyovTal ioeg, av £xouv To idio TTedio opITHOU Kal

Tov id10 TUTTO®. M.X. o ouvapticeic f(X) =x? kar g(X) =x*, xe A= {—1,1} eival ioeg, xwpig
va £XouV Tov idlo TUTTO.




6. Nwg opidovTal ol TPhgeig TNG TPOOBeoNG , APAipETNS , YIVOUEVOU Kal TThAiKou 800
OuVvapTACEWV f,g;

Amravrinon :
OpiCoupe wg GBpolopa f +g, dlagopd f- g, yivopevo fg Kkai TTNAIKO % duo ocuvapTicswy f, g

TG ouvaptAoelg pe  TOToUG 1 (f+g)(x)=f(x)+g(x), (f-9)x)=Ff(x)-g(x), (fg)(x)=F(x)g(x),

flig - F).
(gj(x) a(x)

To medio opiopol Twv f+g, f—g Kal fg €ival n Touj AnB Twv TTEdiwv opliopou A kal B Twv

ouvapThoewy f Kal g avTioToixwg, v TO TTERIO0 OPIoHOU TNG f gival To AnB, eCalpoupévwv TwV
9

TIMWV TOU X TTOU PINdEVI(ouV TOV TTApOvOuaoTH g(x), dNAadr To GUVOAO :

{x|xeA ka1 xeB, ye g(x)=0}.

7. T Aépe ouvBeon TnG ouvdpTnong f HME TR ouvApTNON g;

Amravrinon :

Av f, g givai duo cuvapThoelg e TTedio opiopol A, B avtioToixwg, 101 ovopdloupue ocuvBeon Tng f
ME TNV g, Kal TN OUPPBOAICOUpE pe gof, TN ouvapTnon PE TUTTO (gof)(x) = g(f(x)) .

ZXOAIa :

a) To Tredio opiopoU NG gof amoteAeital amd OAa Ta oToIXeia X Tou TTeEdiou opiopou Tng f yia Ta
otroia To f(x) avikel oTo TEdio opiIopoU TNG g. AnAadr eival To GUVoAo A ={x e A|f(x) e B}. Eivai

@avepo Ot n gof opidetal,av A =, dnAadn av f(A)nB= .

B) e Mevikdg, av f, g eival dUo cuvapTtoelg Kal opifovTal ol gof Kal fog, TOTE QUTEG BEV  Eival
UTTOXPEWTIKA iOEG.

e Av f, g, h cival TpeIg ouvapThoelg Kal opileTal N ho(gof), TOTE opifeTal Kal N (hog)of Kal IOXUEI

ho(gof) = (hog)of . Tn ouvdptnon autr) T Aéue ouvBeon Twv f, g Kal h kar TN oupBoAifoupe pe
hogof . H cUvBeon oUVOPTACEWYV YEVIKEUETAI KOI YIO TTEPICOOTEPEG OTTO TPEIG CUVOPTAOEIG.




1.3 MONOTONEYX XYNAPTHXEILY - ANTIXTPO®H XYNAPTHXH

8. Moét1e pia ouvdpTnon f AéyeTal yvnoiwg augouoa Kal TTOTE yvnoiwg @Bivouoa o€ éva
S1doTnpa A Tou 1rediou opIopOU TNG ;

Atravrinon : (2007 OMOT"., 2007 EZI1., 2010 EZI., )

e H ouvdptnon f Aéyetal yvnoiwg adouoa o’ évadi1ao1n pa A tou mediou opiopou Tng, otav
yIa OTTOIadATIOTE X, X, € A pe x, < x, 10x0er: f(x,) < f(x,)

e H ouvdptnon f Aéyetal yvnoiwg @Bivouca o’ Evad1a o 1n pa A tou ediou opiopou Tng, oTav
yia otroladAToTe X, X, € A pe x, < x, 10x0er: f(x,) > f(x,)

Av pia ouvdptnon f eival yvnoiwg augouoa 1y yvnoiwg @bivouca o’ éva didotnua A Tou TTediou opiouol Tng,
T6TE Aépe 6T n f €ival yvnoiwg povérovn ot1o A. STnV TEPITITWON TTOU TO TTEdio opiopou g f eival éva
didotnua A kai n f gival yvnoiwg povotovn o’ autd, 161 Ba Aéue, atmAwg, 6T n f gival yvnaoiwg povoTtovn.

e auéouoa o’ éva didaTnua A, 61av yia OmmoIAONTIOTE x,x, 4 ME X <x, ITXUEI f(x)< f(X,).
e @Oivouoa o’ éva d1GaTnua A, 61av yia ommoIadATIOTE %, %, €4 HE X, <X, IOXUEl f(x)=f(x,).

9. MNéte pia ouvdapTnon f HPE TESio 0pIoUOU A AEUE OTI TTAPOUCIAJEl OTO X €A OAIKO HEYIOTO

Kol TTOTE OAIKO EAGXIOTO ;

Amdavinon : (2004 OMOTr., 2010 B", 2014 EZI1.)

Mia cuvdpTtnon f pe medio opiopou A Ba Aéue OTI:

e [Mapouoiddel oo x, € A (0AIKO) péyioTo, 1o f(X,), 6Tav f(x) < f(x,) yia KGBe x € A

o [Mapouoiddel o1o x, € A (0AIKO) EAGxIOTO, TO f(X,), 6TaV f(X) > f(X,) VIO KABE x<cA.

Kdtroleg ouvaptnoelg mapoucidfouv PYovo PEYIOTO, AAAEG pbvo eAAXIOTO, GAAEG Kal PEYIOTO Kal
eAAXI0TO KAl AAAEG oUTE PEYIOTO OUTE ENAXIOTO.
To (0AIKG) péyioTo Kal To (0AIKO) eAdxIoTO piag ouvdptnong f Aéyovral (OAIKG) akpoéTarta TG f.

10. MNoéTe pia cuvdapTnon f HE medio opiIcHoU A Aéyetan 1-1;

Amdavinon : (2003 OMOTI"., 2005 B", 2012 OMOT ., 2015 B")

Mia ouvaptnon f:A —» R Agyetal ouvaptnon 1-1, étav yia ommoladnToTe X, X, € A 1I0XUEI N

ouvetraywyn: Av x, = x,, 10T f(x,) = f(X,).

ZXOAIa :

a) Mia ouvdaptnon f:A — R eival ouvaptnon 1-1, av kai JGvVo av yia OTTOIdATIOTE X, X, € A 10XUEI
n ouverraywyn: av f(x,) = f(x,), 10T x, =X, .

B) AtTé Tov opIoud TTPOKUTITEN OTI hia cuvdpTtnon f eival 1-1, av kal yévo av:

e [0 KAGBe OoTOIXEIO Y TOU CUVOAOU TIHWV TNG N eiowon f(x)=y £X&l akpIBwG pia AUON WG
TPOG X.




o Agv UTTAPXOUV ChuEia TG YPAPIKAG TNG TTAPACTAONG HWE TNV idia TeTaypévn. Autd onuaivel 6Tl
KA0e opidovTia eubeia TEPVEI T Ypa@IKh TTapdoTtaon TnG f 1o TTOAU o€ éva onpeio.

e Av pIa ouvdpTnon g€ival yvnoiwg povoTtovn, Téte gival cuvdptnon "1-1".To avrioTpo@o
YeVIKA dev 10X 0el. YTTdp)Xouv dnAadn ouvapTroeig TTou gival 1-1 aAAd dev gival yvnoiwg
MOVOTOVEG.

Napédeiypa  (MaveAARvieg 2018) ’
X x<0 y=g(x)
H ouvdptnon n ouvaptnon g(x) =1 1 (Zx. 34).civan 1-1,
; , X> 0 0] X
aAAG dev gival yvnoiwg povoTtovn.

MNaparnpnosig :

e Av yvwpi¢oupe 0TI pia ouvaptnon eivar 1-1 161e : f(x,) = f(X,) < X, = X,. Tnv icoduvayia
QUTA TN XPNOIYOTTOIOUNE YIa ETTIAUON €Glowoewv. ETriong 1oxUel : f (x,) = f(X,) < X, #X,.

e [a va arrodei¢oupe 611 pia ouvaptnon eival 1-1 apkei : f(x,) = f(X,) = X, = X,.
e Avnfdev gival 1-1, TOTE UTTAPXOUV X;, X, € A T.W. X; # X, Kai f(x,) = f(x,).
e upovorovia = 1-1 o6uywg 1-1=% povorovia

e Oyt povorovia = oyt 1-1 o6pwg oyt 1-1= oyt povorovia

11. NMérTe pia ouvdpTnon f HE eSO OPIOCHOU A AVTICTPEPETAI KAl TIWG ; (2019)

Atmdvrnon :

Mia ouvdptnon f:A—R aQvTIOTPEPETAI, AV KAl JOvo av gival 1-1.H avtiotpopn cuvdpTtnon 1ng f

TTouU oUPBOAIeTal pe ! opieTal amd T oxéon (f(x) =y < f(y)=x

2)xOAia :
a) loxoer om: F1(f(x))=x, xeA kar f(f'(y)=y, ye f(A).

B) H avtiotpo®n TN f £xel edio opIiooU To GUVOAO TIHWY f(A) Tng f, kal ocUvoAo Tipwv TO TTEdio
opiopou A Tng f.

Ma rapddelypa, £0Tw N KOETIKA ouvapTtnon f(x) =a*. OTTWG gival yvwoTd N ouvaptnon
auTA gival 1-1 pe 1edio opiopou 10 R Kal ouvoAo TiIpwv 10 (0, + ). ETTouévwg opileTal n
avriotpopn ouvdaptnon f ' ¢ f. H ouvaptnon auti, oluewva Pe O6ca EeiTTOPE
TTPONYOUNEVWG,

— €xel TTedio opiouou 10 (0, + )

— €X€1 OUVOAO TIHWV TO R KalI




— avTioToixiCel kK&Be y € (0,4 ) oTO Povadikd X € R yia TO OTToio IoxXUEl o =y . Emeidn

Opwg a* =y < x=log, y

Ba sivar f*(y)=log, y. ETopévwg, n avrioTpoen NG £KBETIKAG ouvdaptnong f(x)=a*,
0 <a #1, gival n AoyapiBuikr) ouvaptnon g(x) =log, x.

log, x

2uvemmwg log,a™ =x, xeNR KAl « =x, xe(0,+x).

v) O1 ypagikég TapacTdoelc C kal €' Twv ouvapTAoewy f kal f gival CUPUETPIKES WG TTPOG TNV
€uBeia y = x TTOU JIXOTOMEI TIG YWwVieG xOy Kal x'Oy’.
A1rodeidn :

Ag TTdpoupe pia 1-1 ouvaptnon f kal ag BewpriocoupE TIG
YPOQIKEC TTapaoTdoel C kai C' twv f kai Tng ' aTo
idl0 ouoTnua agovwy (Zx.37). Eteidn
f)=y < fH(y)=x,

av éva onueio M(«a, f) avAkel otn ypa@ikr rapaotacn C
g f, 161€ TO Onueio M'(B,«) Ba avrkel oTn YPOQIKN
mapdotaon C' g f kai avrioTpépws. Ta onueia,
OuWG, auTd €ival CUUMETPIKA WG TTPOG TNV €uBeia TTOU
dixoTopEi TIg ywvieg xOy kal x'Oy’.

Maparnpnosic :

o f:l-1< f:avaowéywun,

e (P4 =t

e Av f yvnoiwg povétovn oto didotnua A, 161en f ™ gival yvnoiwg povétovn ye To id1o €idog
wovotoviag : .x.av f T oro A161e é0TWO0 Y, Y, € D..=f(A) pe y, <y,, 018!

F(F 7 (y)) < f(f‘l(yz))f:;f‘l(yl)< f(y,) apa £ T o0 D, = f(A)



1.4 OPIO XYNAPTHXHY XTO x,ecwR

H ENNOIA TOY OPIOY

e Eotw n ouvaptnon f(x)=

x% -1

. H ouvaptnon auti

¢xel edio opiopou 10 oUvodo D, =R {1} kai ypdoeTal
F(x) = (x-D(x+1) _
x-1

Emopévwg, n ypa@ik tnG TapdoTtaon eival n eubgia
y=x+1 pe €gaipeon 10 onueio A(1,2) (Zx. 38). 210
OXNUa auto, TTapaTnpouuE OTI:

‘KaBwg 1O X, KIVOUPEVO WE OTTOIOVOATIOTE TPOTTIO TTAVW / 0| X—lex X
oTov afova XX, TTpooeyyiCel Tov TTpaypaTikd aplBud 1, 10
f(X), Kivoupevo TTavw oTov afova Y'y, TTpooeyyilel Tov
TTpaydaTikd apiBud 2. Kar yahiota, ol Tiuég f(x) eival T6oo kovid o1o 2 600 BEAoUpE, yia
OAa 1a x =1 1TOU €ival apkoUVTWG KovTd oTo 17,

2TNV TTEPITITWON AUTH YPAPOUUE leLnl f(x) =2 ka1 daBdaloupe “10 6pI10 TG f(X), 6TAV TO X

X+1, X#1.

Teivel oTo 1, gival 27,
levika : Otav o1 TIpEG pIag ouvaptnong f TrpooeyyiCouv 600 BEAoUUE Evav TTPAYMATIKO
apiBud 7, KaBwg 1O X TTPOCEYYICEl HE OTTOIOVONTTIOTE TPOTIO TOV APIBUO X, , TOTE YPAPOUUE

lim f(x) =¢ ka1 dlaBadoupe “10 6pio TG f(x), étav 1o x Teivel 0TO X, , €ival £” 1) “10 OpIO

g f(x) oTto x, €ivan /7.
f(x)

S (%)= f
f(x)
—/

XY

o

IXOAIO
AT1Té Ta TTAPATTAVW OXAPATA TTAPATNPOUNE OTI :

— lNa va avagntriooupe 10 6p1o NG f aT1o X, , TTPETTeEI N f va opifeTal 600 BEAOUPE “KovTa
oT0 X, , OnAadn n f va gival opiopévn 0’ éva cUVOAO TNG HOPPNG :

(@, %Xy) W (Xg, B) n (@, X,) n (X0, B) -

— To x, ptmopei va avrikel oto 1edio opliopou NG ouvdptnong (Zx. 39a, 396) | va pnv
avikel o’ autd (Zx. 39y).

— H iy NG f oT1o X,, éTAV UTTAPXEI, NTTOPEI va gival ion pe To 6p16 TNG 0TO X, (ZX. 390)
1 SIAQOPETIKA atrd auTd. (Zx. 39B).
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, , , x+1, x<1 f()T()
e EoTW, TWPAQ, N ouvaptnon : f(x) = , |
—-X+5 x>1 I
TNG OTT0IAG N YPOPIKA TTAapAoTACN ATTOTEAEITAI ATTO TIG 2 i
NUIEVBEiEG TOU DITTAAVOU O UATOG. f()T()— 20

il

/o

:
T
>
>

Mapatnpouue OTi :

— Ortav 10 X TTpooeyyilel To 1 atmd apioTepd (x <1), T0TE 01 TIUEC TG T TTpoOoEyyifouv 600
BéAoupe Tov TTPAYHATIKO APIOPO 2. TNV TTEPITITWON aUuTh YPA@oupe : lim f(x)=2.
x—1"

— Orav 10 X TTpooeyyiCel To 1 amd deCia (x>1), 161 01 TIHEG TNG f TTpooeyyifouv 600
BéAoupe Tov TTPAYMATIKO apIBUO 4. ZTnV TTEPITITWOoN auTr ypdgouue : lim f(x)=4.

x—1*
evikd:
— Orav o1 TIgég piag ouvaptnong f TpooeyyiCouv 600 BEAOUPE TOV TTPAYUATIKO apIBuo 7,
KaBWG TO X TTPOCEYYICEl TO X, ATIO PIKPOTEPEG TIMEG (X < X, ), TOTE ypagoupe : lim f(x) =/,

Kal dlaBadoupe : “To 6pio NG f(x), 6Tav TO X TEiVEI OTO X, OTTO TA APIOTEPQ, ival /.

— Orav o1 Tipég piag ouvaptnong f rpooeyyidouv 6oo BEAoupe Tov TTpayuatikd apiBud 7,
, KABwWG TO X TIPOOEYYICEl TO X, OTIO HEYOAUTEPEG TIMEG (X > X,), TOTE YPAPOUME :
lim f(x)=/¢, kai dilapafoupe : “T0 6plo Tng f(x), OTAV TO X TEiVEI OTO X, ATTO TA BEEIC,

X—>Xg

gival /,”.

() ) o

Toug apiBuoug 7, = lim f(x) kai £, = lim f(x) Toug Aépe TTAgupika 6pla TnG f oTO X, KOl

—>Xo
OUYKEKPIYEVa TO £, aploTepd Oplo NG f oTO X, , evw TO 7, B€LI6 O6p10 TNG f OTO X, .
AT Ta TTapaTTdvw oXApaTa eaivetal OTi :

lim f(x)=/, av kai pévo av lim f(x) = lim f(x)=/

X—>Xo X—>Xg X—>Xg

MNa Tapddeiyua, n ouvapTtnon f(x):u (ZX. 42) dev €xel y

X
0pI0 01O X, =0, agou:

—yia x<0 givar f(x)=—X=-1, om6te lim f(x) =1, evid 0 X X
X

x—0"

— via x>0 eiva f(x):izl, otrdte lim f(x) =1, ka1 €701
X

x—0"
lim f(x)= lim f(x)
x—0~ x—0*
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12. Moia TrpoéTaAoN OUVOEEI TO OPIO TG f OTO X KOI TA TTAEUPIKG Opla TNG f OTO X ;

Amrdavrinon :

loxuel 611 : Av pia ouvaptnon f eival opiopévn o€ Eva ouvolo TnG pop@rig (a,x,) v (x,.p) , TOTE
I0XUel n 1ooduvapia: lim f(x)=¢ < lim f(x) = lim+ f(x)=1¢

X=>Xq X—Xq X—Xg

f(x)
!

f(xo)=f
f(x)
—-/
0
/
y=x
e Av pia ocuvaptnon f eival opiopévn o€ Eva dIGOTNUA TNG HOPPAS
(X,, B), aAAG Bev opileTal g€ dIGOTNPA TNG MOPPAGS (a, X,), TOTE
opiCoupe : lim f(x) = lim f(x). 5 >
Mo mapaderypa, lim Jx=limJx=0 (Sx.44)
X—> x—0"
e Av pia ouvdaptnon f gival opiopévn o€ éva dIGoTNPA TNG HOPPNG Y
(@, %,), OAAG Bev opiCetal o didoTNUA TNG HOPPNG (X,, B), TOTE y=-x
opigoupe : lim f(x)=lim f(x).
Ma Tapddeiyua, Iirrg J=x=lim+-x=0 (Zx.45) of x
X—> x—0"

Mapatnpnoeiq :
a) loyuel om :

(@) limf(x)=( < >!Lri\(f‘(x)—():o

X~>X0

(B) lim f(x) = ¢ < limf(x, +h) =7

B) Toug apiBuoug ¢, = lim f(x) kai £, = lim f(x) Toug Aépe TTAeupIKa Opia Tng f aTO X KaI

OUYKEKPIYEVA TO £, apIoTEPO Oplo TNG f oTo X, , evw TO £, OECIO Oplo TNG f OTO X, .
Yy) — lNa va avadntrooupe 10 6pio g f oTo x,, Tpétrein f va opietal 600 BEAoupE “KOVTA OTO
X,”, dnhadn n f va eival opiopévn o’ Eva oUvoAo TnG popeng(a,x,) v (x,.p) 1 (a,.x,) A (x,.p).
— To x, pTTopEi va avrkel aTo Tedio oplIopou TnG ouvaptnong (ZX. 39a, 39B) 1 va unv avrkel o’
autod .
— H gy ng f 010 X, , OTAV UTTAPXEI, ITTOPET Va €ival ion pe To 6p16 TNG 0TO X, (ZX. 390) N
d1apopeTIKN aTTd aUTO.
6) loxuel 611 lim x =x, kal limc=c

X—>Xg

X—>Xg
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€) AmrodeikvueTtal o011 To lim f(x) €ival avegdpTnTo TWV AKPWV «, f TWV BIACTNUATWY (a,X,) KOl
X—=>X0
(%o, 8) OTa oTToiC BEwpoupe OTI gival oplopévn n f.

MNa mapadeiypa, av BéAoupye va Bpouue 10 OpI0 TNG OUVAPTNONG

R I
|X_1| . , | I
f(xy=—— o010 x,=0, TePIOPICOPOOTE OTO UTTOOUVOAO ! |
X— | o——
(-1,0)u(0,1) TOU TTEdIOU OpPICPOU TNG, OTO OTIOIO QAUTHA TIAIPVEl TN i i !
: —(x-1) , . , , 1o X
Mopoeny f(X)= =-1. Emopévwg, OTTwG @aivetal Kal ammd 1o | |
x-1 y:—l I _?
QITTAQVO OXNUA, TO {NTOUPEVO OPIO Eival Iirr(l) f(x)=-1. ! !

OT) ZTn ouvéxela, otav Aéue o1 pia ouvaptnon f €xel Kovrd oTto x, pia 1016TNTa P Ba evvooupe
OTI IOXUEI PIa aTTO TIG TTAPOKATW TPEIG OUVORKEG:
i) H f cival opiopévn o€ éva oUVOAO TNG HOPPAS (a, X,) VU (X,, B) KOl 0TO OUVOAO QUTO €XEl TNV

1016TNTO P.

ii) H f cival opiopévn o€ Eva oUVOAO TNG HOPPNG (a,X,) , EXEI O° auTd TNV 1I1I6TATA P, aAAG dev
opiCeTal ag oUVOAO TNG HOPPNGS (X, B) -

iii) H f eival opiopévn o€ éva oUVOAO TNG HOPPNAS (X, B) , €XEI O° auTd TRV 1IB1I6TATA P, aAAG dev
opieTal og OUVOAO TNG MOPPNAG (o, X, ) -

la mapadeiyua, n ouvaprnon f(x) =X eivan B¢tk KovTd aTo x, =0, agou opileral 0T0 TUVOAO
X

(—% ,O) U (0, %) Kai gival GeTIK o€ QuTo.
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1.5 IAMIOTHTEY TQN OPIQ2N

13. Na ypAweTe TIG 1516TNTEG TOU OPiOU OTO X, .

Amravrinon :
Na 10 6pIo 1I0XUOUV Ol TTAPAKATW IDIOTNTEG :
a) @swpnua 1° (mpdonuo cuvapTHoEwV Kai 6piq)

e Av lim f(x)>0, 10T f(x)>0 KOVTQ OTO X,

XA)XO

e Av lim f(x) <0, T0TE f(x) <0 KOVTQ OTO X,

XA)XO

Maparnpnon :

e Avumdpxel 1o lim f(x) kai givar f(x) >0 kovta aTo X,, T6T€ lim f(x) >0

X—Xg

o Avumapxel 1o lim f(x) kai givar f(x) <0 kovra oTo X, T67€ lim f(X)<0

X—>Xg

B) Oswpnua 20  (diaraén kai 6piq)

Av o1 ouvapTioeig f,g £XOUV OpIo OTO X, Kal IoXUEl f(x) < g(x)

KOVTA OTO X,, TOTE lim f(x) < lim g(x)
X~>X0 X%XO

Naparipnon : Av utrdpyxouv 1a lim f(x) kai lim g(x)
e Av f(x)<g(x) kovrd oTo X,, TOTE lim f(x) < lim g(x)
e Av lim f(x)> lim g(x), 161€ f(X)>g(X) KOVTA OTO X, .

e Av lim f(x)< lim g(x), 1o1€ f(X)<g(X) KOVTE OTO X, .

Y) Oswpnua 30  (mpdéeig ouvapTHoEwy Kai 6pia)

Av uttapyouv a1o R Ta Opla TWV OUVOPTACEWY f Kai g aTo x,, TOTE:
L. lim (f(x) + g(x)) = lim f(x) + lim g(x)
2. lim (kf(x)) =k lim f(x), yia KGBe 0TOOEPA Kk € R

3. Jim (£(x)-9(x)) = lim () lim 9(x)

lim f(x)
. f(X)  xox . .
4, lim —==-—">2 , EQoooV limg(x) =0
X=X, g(x) JLT g(x) ¢ P 9( )

5.xlim | f(x)|= lexw f(x)

6. lim ¥/f(x) = %/lim f(x) , epdoOV f(x) >0 KOVT& OTO X, .
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MapaTtnpnoeig :

o 0O11016TNTEG 1. KaI 3. 1I0XUOUV KaI YIa TTEPIOOOTEPES ATTO dUO CUVAPTACEIG.

e Ta avrioTpoga Twv IBIOTATWY 1., 2., 3., 4., 5. Aev IoxUouvV TTavTa. [Na Tapddeypa utropei va
UTTAPXEI TO Iim[f (x) + g(x)] Kal va unv uttépxouv Ta 6pla Twv f kai g oto x,.

1, 0
MNa mapadeiypa : f(x) :{ . Kal g(x) :{
-1 <

o010 0 dev uTTAPXOUV, OUWG

0, x>0
0, x<0

> Iirrg(o- f(x)= lim0=0

> (f+g)(x)={

> lim(f (0 - g(x))= lim(-1) =-1

> |im[@J=|im(—1)=—1
x=0 g(x) x—0
> lim|f (x)| = lim1=1

v
’

-1,

1

x>0

<0

. Mpogavwg 1a épia Twv f kai g

=0 yia kG6e X =0, dpa Iing[f(x)+ g(x)]= lim0=0

8) Eivar: lim[f(x)]" =[Iim f(x)} ve N’ yia mapddeiypa lim X" = x;
X—XQ X=X X—=>X0

€) 'EOTw TO TOAUWVUHO P(X) =a,x* +a, X' " +--+ax+d, Kal X, €R. Eivai: lim P(x)=P(x,)

ATodein :

2UPQWVA PE TIG TTOPATTAVW IBIOTNTEC EXOUE:

X—>XQ

lim P() = lim(a, X" + o, X" +--4ap) = lim(a,x") + lim (o, X" ™) +-+ lim a, =
x—xg ¥ v xoX XoXo X—>Xq

=a, limx" +o,_ limx"? + 4 lima, =a,X) +a,,X " ++a, =P(X,) . Apa : XILT) P(x)=P(x,).

X—XQ X—>X0 X—XQ

oT1) 'EoTtw n pnTA ouvdptnon f(x) = P()
Q(x)
P(x) _ P(xo)

Q(x,) # 0. Oa gival TOTE lim

X=X Q(x) Q(xo)
¢) Kpitpio mrapspBoAng

YmoBEétoupe 611 “KOVTA OTO X,” MIa ouvdaptnon f
‘eykAwBicetar” (Zx. 50) avapeoca o€ 0dUo
ouvapthoeig h kair g. Av, KaBwg 10 X TEIVEI OTO
X, Ol g Kal h €xouv KoIvo 6pio ¢, TOTE, OTTWG
Qaivetal kal 1o oxnua, n f Ba €xel To idio 6plo
¢. Auté divel Tnv 10éd  TOU TTOPOAKATW
BewpruaTog TOU Eival yvwoTO WG KPITAPIO
mapEUPBOARS.

15

, 010U Q(x%,) # 0

, OTTOU P(x), Q(x) TTOAUWVUUQ TOU X KOI X, € R pE




Kpitipio rapsuBoAng (2016 B, 2020 MN.X. B)

‘EoTw ol ouvaptioeig f,g,h . Av

® h(x) < f(x) < g(x) KOVT@ OTO X, Kal

e limh(xX)=Ilimg(x)=1eR TOTE lim f(x)=¢
n) loxuel ot (TOIYWVOUETPIKG OpIq)

e |nux|<| x|, yia kGBs x eR .H 106TNTA I0XUEI HOVO OTAV X = 0.

e lim nux =npx, e lim ouvx = guvx,
X=X X=X
. X ouvx—1
e |lim £ =1 o |lim =0
x->0 X x>0 X

14. NMwg utroAoyioupe To 6pI0 TG OUVOBETNG oUVAPTNONG fog OTO X .

Atmravrnon :
Av B€Aoupe va uttohoyiooupe To 6pIo TNG OUVBETNG ouvApPTNONG fog OTO ONUEIO X,,dnNAadn 1O
lim f(g(x)), TOTE EPYOACOPAOTE WG EENG:

1. O€TOUPE u=g(x).
2. YmohoyiCoupe (av uTrapxel) 1o u, = lim g(x) Kai

3. YmoAoyiCoupe (av uttdpyel) 1o ¢ = lim f(u) .
U*)UO
Av g(x) #u, KOVTa OTO X,, TOTE TO {NTOUNEVO OPIO gival ioo pe ¢, dnAadr| I0XUEL:

ILTD f(g(x)) = lim f(u)-
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1.6 MH INEINEPAXMENO OPIO XTO x,eR

15 .Na ypAaweTe TIG IB10TNTEG TOU ATTEIPOU OPIOU OTO X, .

Amrdavrinon :

O1wg oTNV TTEPITITWON TWV TTETTEPACTHEVWY OPIWV £TCI KAl VI TA ATTEIPA OPIA CUVAPTACEWY, TTOU
opiCovtal o€ £va aUVOAO TNG HOPPNG (o, X,) U (X,,B) , 1I0XUOUV OI TTAPAKATW ICOBUVAUIEG:

a) lim f(x) =+ < lim f(x)= lim f(x) =+

X=X,
0 XXy XoX5

B) limf(x)=—o < lim f(x) = lim f(x)= 0.

X=Xy X=X X=Xy

Y) Av lim f(x) = 40, TOTE f(x) >0 KOVTA OTO X, EVW AV lim f(x) = - , TOTE f(x) <O KOVTA OTO X, .

X*)Xo XA)XO

8) Av lim f(x) =+, TOTE lim (—f(x)) = -0 , VW AV lim f(x) = —0 , TOTE lim (—f(x)) = +o .

X—>Xq X—>Xq

€) Av lim f(x) =+o f —0, TOTE limi=0.
X=X X—Xq f(x)

oT) Av lim f(x) =0 Kal f(x) >0 KOvTa TO X, , TOTE lim ' _ +o0, EVW aV lim f(x)=0

X=X X—>Xg (x) X—>Xq

’ o1
Kal f(x) <0 KOVTa a1o X, , TOTE lim —— = —o
x-x, F(X)

QAV lim f(x) =+ | —oo, TOTE lim | f(x)|=+0. N) AV lim f(x) = +o0 , TOTE lim §/f(x) = +o.

8) i) lim = 1o KaI yEVIKG lim— =+, veN' (oXfua q)
x>0 ¥ x>0 x&V

(@ l ®
o1 -
i) lim —=+00 Kal YEVIKA lim —— =+, veN
x—0T X x—0" X'F
1 I |
lim —=—co KOl YEVIKA lim ——=-o, veN
x>0~ X x—0" X vt

1 1
Emropévwg, Sev utrdpxel oTo Pndév 10 6pio Tng T (X) == kai yevika ng f(X) = o veN.
X

(oxAua B)
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16 . Na ypaypeTe To OEWPAHATA TOU ATTEIPOU OPiOU OTO X,

Amrdavrinon :
MNa 1o dépoioua Kal TO YIVOHEVO 1I0XUOUV T TTAPAKATW BewpAMATA :

OEQPHMA 10 (6p10 aBpoiocuaTog)

Av 010 X0eR
10 6pIo NG f €ival: ageR | aeR +00 -00 400 -0
Kal 10 6pIo TNG g givat: +00 -00 +00 -00 -00 +00
TOTE TO OPIO TNG f+g +00 -00 +00 -00 ; ;
giva:
OEQPHMA 20 (6p10 yIvopévou)
Av OTO Xge R,
TO OpIo TNG f
givai: a>0 [ a<0 | 0>0 | a<0 | O O [ 40 | +0 | -00 | -0
Kal TO OpI0 TNG | +o0 +00 -0 -0 | 4o | -0 | +o | -0 | o0 | -00
g eiva:
TOTE TO OPIO +00 -00 -0 +00 ; : +00 | -o0 -0 | +oo
¢ f-g ivar:

Mpééeig oTo ohvoho R =R U {— 00,400}

(Me Baon 1i¢ 1610TNTES TWV ATTEIPDWY OPiwV, ETEKTEIVOUNE TIC TTPAEEIC TOU R OTO GUVOAO
R=RU{~o0,+0})

(+90) + (+00) =400  Kai  (—00)+(—00) =—00

(+0)+a =40 Kal (—o0)+a=—w0,yiakdbe o R

(+00)-(+0) =+00  Kai (—0):(—0) =400 Kkal (400)-(—00) =—00

. _Jtoo, av a>0 o (|-, av a>0
@ (+OO)_{—oo, av a<0 a( OO)_{+oo, av a<0

2 _p,yakabe o cR.

oo

ZxO6AI0

2TOUG TTIVOKEG TWV TTApATTavwW BewpnudTwy, OTTOU UTTAPXEI EPWTNHOTIKO, onuaivel 0TI To 6pio (av
uTTapxel) e¢aptaral KABe Popa aTTO TIG CUVOPTATEIG TTOU TTAIPVOUUE. ZTIG TTEPITITWOEIG AUTEG AEUE
0TI éxoupE atrpoadiopIoTn Hop@R. AnAadr), aTTPoadIOPIOTEG HOPPEG YIa Ta OpIa aBpoiouaTog Kal
YIVOUEVOU OUVAPTACEWY Eival Ol :

(+00) +(=0) «kar 0-(+o0).
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Emedy f—-g=1f+(-g) kai i =f l ATTPOCBIOPIOTEG HOPPEG YIa Ta OpIa TRG dIOPOPAS Kal TOU
g g
TINAIKOU CUVAPTACEWY €ival OI © (+0) + (—»), 0-(xx0) , (+0)—(+x), (~©)-(-x) , g ;io
100

lNa mapaderyua .

. . 1 1
— av mdpoupe Tig ouvaptrioelg f(x) =—— kai g(x) =—;, 101€ £XOULE:
X X

. . 1 . .1 . . 1 1
iILT(])f(X):LILY(])(—X—Zj:—OO, Ixmg(x):lxmx—z:wo Kall leir(}(f(x)+g(x)):lem(—x—2+x—2j=0

EVW,

. . 1 1
— av mdpoupe Tig ouvaptioelg f(X) =——+1 kai g(x) =—, 101€ £XOULIE:
X X

. . 1 . .1
|XILT(]) f(x):lxm[—x—zﬂ}:—oo, leLrg g(X)—!(ILTgX—Z—+oo Kal

x—0

im(f (x) + g(x) = Iim(—iz+1+i2j _lim1=1. (2018 B')
x—0 x—0 X X

AvaAoya TTapadeiyuaTa YTTOPOUME VA DWOOUNE KAl YIA TIG AAAEG HOPPEG.
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1.7 OPIA XYYNAPTHXHY XTO AIIEIPO

17. Na ypdyeTe TIG 1I810TNTES YIO TO 6PIO OTO ATTEIPO .

Armravrnon :

a) lNa Tov UTTOAOYICO TOU OPIoU OTO +x ] —o EVOG HEYAAOU apiBuoU cuvapTHoewyV XpelalOuaocTe
Ta TTapakdTw Bacika épia:

. o1 .
o |limx =+ Kal lim—=0, veN

X—>+00 x—+0 X

e |limx' =

X—>—0

+0, @v v aptio o1 .
P c, Kal lim—=0, veN .
-0, AV Vv TEPITTOC x—>—0 X"

B) MNa TNV TTOAUWVUPIKA ouvapTnon P(x) =a x" +a_ X' +---+a,, M€ o # O 1OXUVEl:
v v-1 0] v

lim P(x) = lim (o x") Kal lim P(x) = lim (o x")
X—>+00 X—>+00 X—>—0 X—>—0

a X' +a 1x”’1 +ot oy X+ oy
\4 V-

y) lNa m pnti ouvdptnon f(x) = , o, =0, B_=0 1ox0el

K k-1
BX"+B X 4+ BX+B,

lim f(x) = lim [avxv] Kal lim f(x) = lim (avxvj
BKXK X—>—00 X—>—00 B x*

X—>+0 X—>+0

K

6) Na 10 6pI0 €KBETIKAG - AoyapIBUIKNG cuvapTnong IoxUel OT

o Av a>1 (Zx. 60), TéT€

lima*=0, lim o* = +o0
X—>—0 X—>+0

limlog x = -0, lim log x =+
x—0 o X —>+00 o

e Av O<a<1 (ZX. 61), TOTE

lim o = 400, limo*=0 /

X——0 X—>+0 /

limlog x =+ limlog x =—
VNG 9(1 1 9(1
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ZxOAia

e [Na va avadntriooupe To 6pI0 pIaG ouvapTnong f 0To +wo, TTPETTEN N f va gival opiouévn o€
d1doTNPa TG HOPPNS (o, +x) .

e [0 va avalnTiooupe To Oplo piag ouvaptnong f ato —o TTpéTTEI N T Va gival opiopévn o€ dIdo TN
NG HOPPAG (—0,B).

e [0 Ta OPIA OTO 400, —0 ITXUOUV OI YVWOTEG IBIOTNTEG TWV OPIWV OTO X, PE TNV TTPOUTIOBe0N OTI:

— Ol CUVOPTAOEIG gival oplopéveG ae KATAAANAQ cUVOAa Kal

— Ogv KATaAyoule O€ atTpocdIOPIoTn HOPPN

18. Na dwoeTe Tov OpIouO TNG akoAouBiag.

Amravrinon :

AkoAouBia ovopdadeTal KABe TTpaAyUATIKY) CUVAPTNON «: N S5 R.

19. T1 evvooUpe 61av Aépe 611 pia akoAouBia (o, ) éxel 6plo 1o | R ;

Amravrinon :
Oa Aépe 0TI n akohouBia (a,) éxel 6pio 10 | € R kal Ba ypdpoupe |iLT1) a, =0, 6Tav yia KéBe € >0

, UTTAPXEl V, € N” TéT010, WOTE YIa KABE V > Vo va loxUel |a, —/|<e
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1.8 YYNEXEIA YXYNAPTHXHY

20. NoTe ia ouvapTnon f AEYETAI CUVEXNG O€ Eva ONEiO X TOU Trediou opiopoU TNG ;

Amravrnon : (2001 OMOT"., 2006 OMOTI'., 2009 B, 2010 OMOI"., 2015)

‘Eotw pia ouvdptnon f kai x, éva onueio Tou 1rediou opiopou TnG. Oa Aéue 0TI N f eival ouveyxrg
oT0 X,, 61av lim f(x) =f(x,).
X—>Xg

lMa mapaderyua, n ouvaptnon f(x) =| x| eival ouvexng oto 0, apoul Iirrg f(x)= Iing | x|=0= f(0).

ZxO6Aia :
a) 'Eotw o1 ouvaptiocelg f,g,h Twv omoiwv o1 ypagikég TTapacTdoelg divovtal oTa TTAPAKATW

oxnuara.

y4 Ya

/.

MNaparnpoupue oTI:
— H ouvdptnon f eivai opiopévn oto X, kaiioxvel @ lim f(x) = f(x,)

— H ouvapTnon g eival opiopévn oto X, aAAG lim g(x) = g(X,) .
X—>Xg

— H ouvaptnon h givai opiopévn 010 X, aAAG eV UTTAPXEI TO OPIO TNG.

ATIO TIG TPEIG YPOAQPIKEG TTAPOOTACEIG TOU OXNMOTOG MOVO n ypa@ikr Trapdotacn mng f &€
dlaKOTITETAI OTO X,. Eival, eTTopévwg, QUOIKO va OVvOUAOOUUE OUVEXH OTO x, MOVO TN ouvdpTnon
f.

B) ZUuwva pe Tov TTapaATTavw opiouod, pia auvaptnon f dev eival ouvexng oe Eva onueio x, Tou
Trediou opIouoU TNG OTAV:

i) Aegv uttdpxel 10 6pI0 TNG OTO X, N

if) YTrapxel 10 6p16 TG 010 X, , AAAG €ival SIaQopeTIKG atrd Tnv Tiun g, f(x,), oTo onueio x, .

MNa rapddeiypua,
) x*+1, av x<0 ) ) ]
— Houvédpmon f(x) = dev gival ouvexnig oto 0, apou
2—-X, av x>0
lim f(x):lirr(l)(x2 +1) =1, evid
x—0" X—>

lim f(x)= Iing(Z— X) =2, omoTe dev uTTdpyel To 6pio TN f oTo 0.

x—0"
x? -1 1
— Houvapmon f(X)=< y_1" v X#L Bev eivan ouvexig ato 1, apou
3, av x=1
. . (x=-D(x+1) .
I"TIf(X):ler:]LL(l-F):lmI(X-Fl):Z, evw f(@Q)=3. (2019)
X! X! X_ X—>.
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y) Mia cuvéptnon f 1Tou gival ouvexig o€ OAa Ta anueia Tou TTediou oplIopuoU NG, Ba AéyeTal,
OuveEXNG ouvapTnon.

8) — Kabe moAuwvupiki ouvdptnon P gival ouvexng, agou yia KaBe x, € R 10XUEI lim P(x) = P(x,) -

X—>Xqo

— Kdabe pntri ouvépTtnon g gival OUVEXNG, aPouU yia KABe x, Tou TTediou opIopoU TNG I0XUEI

P(x) _ P(xo)
SR Q) Q%)

— O1 ouvaptnoelg f(x) =nux Kal g(x)=ouvx &€ival CUVEXEIG, aPoU yia KABe x, € R 10XUEl

J'j‘,? NUX = NPX, KOl lerL\ OUVX = OUVX,, .
0 0

— O1 ouvaptioeig f(x)=a* kal g(x)=log,x, 0 <a=1 gival CUVEXEIG.

21. Na S10TUTTWOETE TTPOTACT) TTOU OQOPA Th CUVEXEIN KAl TIG TTPAEEIS CUVAPTHOEWV.

Amrdvinon :

o TN ouvéxela Kal TIG TTPAEEIS OCUVAPTHOEWV 1I0XUEI TO TTOPAKATW BEWPNUA :
Av o1 ouvapTnoelg f Kal g ival GUVEXEIG OTO X, , TOTE €ival OUVEXEIG OTO X, KaI Ol GUVAPTAOEIG : i.

f+g,il.c-f, 0mOU ceR,iii.f-g, iv.i , V.| f| kai vi.(ﬁ ME TNV TTPoUTTé0ean OTI opifovTal o€ £va
9

OIGCTNUA TTOU TTEPIEXEI TO X, .

ZxOAI0 :Ta avrioTpo@a TWV ., iii., iv., v., Kal ii., yia ¢ =0, dev iIoxUouv. AnAadr], UTTOpEi Ol
ouvaptiosig: f+g, f-g, i |f1, 0-f va eival ouvexeig oTo x, kai ol f,g va unv eivar cuvexeig
9
oTO X, .
. 1, x=0 -1, x>0
MNa rapdadeiypa : f(x) = kai g(X) = . Mpogavwg ol ouvapmoeig f kai
-1, <0 1 x<0

g O¢v gival ouveyeig o1o 0, SUWG O CUVAPTAOEIG :
> (F+9)(x)=0, xeR,
> (f-g)(X)=-1, xeR,

> ELJ(X):—l, XeR,
g

> \f(x)\zl, XeR,
> 0-f(x)=0, xeR
eival ouvexeig oTo 0.

22. Na S10TUTTWOETE TTPOTACT) TTOU aPOPd TN CUVEXEIQ OUVOETNG oUVAPTNONG .

Atmdvrnon :

MNa TN ouvéxela ouvBeTNG oUVAPTNONG I0XUEI TO TTAPOKATW BEWPNUA :

Av n ouvaptnon f gival ouvexrg oTo x, kKal N ouvapTtnon g eival ouvexrg oto f(x,), T6Te N oUVOeON

TOUG gof €ival OUVEXNG OTO X, .
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23. Mote pia ouvdpTnon f AEyeTal OUVEXNG O £€va AVOIKTO didoTnua (o,B)Kal TTOTE OTO
KA€I0TO SidoTnpa [a,B]

Amrdvrinon : (2001 OMOTr., 2008, 2012, 2012 EZI1., 2017)

o Mia cuvdpTtnon f Aéue 611 gival cuvexg o€ éva avoikTd didoTnua (a, ), OTAV Eival CUVEXAG O€
KGBe onueio Tou (a,B) .

o Mia ouvdpTtnon f Ba Aéue OTI cival ouvexAg o€ éva KAEIoTS dIAoTNUA [a, f], OTAV €ival CUVEXAG O€
KGBe onueio Tou (a,p) Kai emTTAEOV : lim f(x) = f(a) Kol lim f(x) = f(B)
x—>a* x—>B~

2xO6AI0

Avdahoyol opIopoi dlIaTUTTWVOVTAl YIa SIOCTAHUATA TNG HOPPNS (o, B, [a,p) .

MNaparnpnosiq :
e Avnouvaptnon f eival ouvexng oe kabéva amd Ta Eéva diaotriuata («, ) kai (5,7), 10T n

f eival ouvexnic oto olvoho A = (a, B) U (B,7).
e Av pia guvaptnon eival ouvexng oTo x,, deV €ival UTTOXPEWTIKA GUVEXNG Kal OE WIa TTEPIOXT) TOU

X, -

24. Na di1aTutTwoeTe T0 BcWwpnua Tou Bolzano.

Amavinon : (2013 OMOTr ., 2014 EZI. B", 2020 N.Z.)

‘EoTw pia ouvdpTtnon f, opiopévn o€ €va KAeIoTO didoTnua [o,p]. Av:
o N f €ival ouvexng oTo [a,B] Kal, EMITTAEOV, IOXUEI

o f(a)-f(B) <O,

TOTE UTTAPXE! £va, TOUAAXIOTOV, X, € (a,B) TETOI0, WOTE f(Xx,)=0.

AnAadn, uttdpxel pia, TouhdxioTov, pida Tng e¢icowong f(x) =0 OTO AVOIKTO BIACTNHA (o, B) .

ZXOAIa :

e Av pia ouvaptnon f givar ouvexng oe éva didotTnua A kai &g undevifetal o’ auTd, TOTE AUTH N
gival BeTIKA yIa KGBE xe A 1 eival apvnTikA yia KABe xe A, dnAadn diatnpei TpdONUO OTO
didotnua A.

o Mia ouvexng ouvaptnon f diatnpei Tpéonpo o€ KaBéva atrd 1o dIACTHHATA GTA OTTOIx Ol
d1adoxikEg piCes TG f xwpifouv 1o TTEdiO OPICUOU TNG.

MNaparnpnosig :
e Av n ouvaptnon f eivai cuvexng oto didotnua [o,p] Kai loxUel f(a)- f(B) <0 161 UTTApPXE! €va,
TouhaxioTov, X, €[a, f] téTtoI0, WOTE f(X,)=0.

e To avrioTpo@o TOU Bewpriuatog Bolzano, dev 1oxUel Tmavra. AnAadn, uttdpxel ouvaptnon
fila,f/]>R mou éxel pila oto (a,8) aAA@ dev eival cuvexng oto [a,B] 4 dev IoXUEl

f(a) f(B)<0

o Av dev IoXUOUV oI uTToB£0EIg Tou BewpruaTtog Bolzano, dev éxoupe wg cupttépacua o1 n f dev
éxel piCa oo (a,B).
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25. Na eppnveloeTe YEWMETPIKA TO Bewpnua Tou Bolzano. |

Amrdavrinon :

270 JITTAQVO OXAMO £XOUME TN YPOQIKN TTAPACTACN MIOG CUVEXOUG y

ouvdptnong f aTo [a, p]. ETTeIdn Ta onueia A(a, f(a)) Kal B(S, f(5))
BpiokovTal eKaTEPWOEV Tou Agova x'x, N yPO@IKA TTapdactacn NG f  (p) B(B,f(B))

TEPVEI TOV GEova O€ éva TOUAAXIOTOV OnWEio.

f(a) -

26. Na S10TUTTWOETE Kal VO aTTOdEiISETE TO OeWPNUA TOU EVOIANECTWY TIHWV.

AlaToTTwOoN :

‘Eotw wia ouvaptnon f, n otroia gival opiopévn o€ £va KAEIOTO didoTnua [o,B]. Av:
o N f €ival ouvexng oTo [a,p] Kal
o f(a) = f(B)

TOTE, YIO KAOe apiBu6 n eTagy Twv f(a) Kal f(B) UTTAPXE! Evag, TOUAGYXIOTOV X, € (a,B) TETOIOG,

wote f(x,)=n

ATrédeign : (2001 OMOTI"., 2005, 2010 EZI1. B, 2013 EZI1., 2015, 2020 N.Z.)

Ag uttoBéooupe 0T f(a) < f(B) . TOTE Ba 10XUEl f(a) <n < f(B) (ZX. 67). Av Bewpriooupe TN |
ouvapTtnon g(x) =f(x)-n, x €[a,p], TAPATNPOUNE OTI:

e N g €ival ouveXAG OTO [a,B] Kal y
e g(a)g(B) <O, f(ﬁ’)---——————————————/B(/?,f(ﬁ))
AQouU g(a) = f(a)-n <0 kai g(B)=f(B)-n>0. ! ./-\’.\/.' i V=
Etmopévwg, olppwva e 1o Bewpnpa Tou Bolzano, utrdpxel f@)-- :A(!a,f(a))i i i

X, € (a,B) TETOI0, WhOTE g(X,)=f(X,)~Nn =0, omdTE f(X,) =M. ant cho xZ; x(';, [; .

FewUETPIKA EPpUNVEiQ

Av n f gival ouvexng ouvdptnon oto [a,B] kai Ta onugia A(e, f(a)) kar B(S, f () Bpiokovrai
ekaTéEPWOEV TNG eubeiag y =7, 161€ N C; Téuvel TNV eubeia y =7 o€ éva TOUAAYIOTOV Onueio

M(Xy,77) ME TETUNPEVN X, € (2, B) .
ZXOAIa :

a) Av pia ouvdpTtnon f dev gival ouvexng oto didoTnua [a,B], 161 dev TTAIPVEI UTTOXPEWTIKA OAEG TIG
EVOIGUETEG TIMEG.

B) H ekdva f(A) evog dlaoTAuatog A péow piIag ouvexoug Kal un otabepnig ouvdptnong f eivai
dlaoTNHa.
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27. Na S1aTUTTWOETE TO BeWwpnua MHEYIOTNG KAl EAGXIOTNG TIMAG.

Amrdavrinon :

Av f gival ouvexig ouvaptnon oT1o [a,B], TOTE N f TTAipVEl OTO [a,B] MIO PEYIOTN TIMA M Kol pia
eAAYIOTN TIUA M.

AnAadn, uttdpyouv X, X, €[a,B] TéTOIO, WOTE, av m = f(x,) kar M = f(x,) , va 10x Vel

m< f(x)<M, IO KGO x e [a,f].

ZXOAIO :

A1é 10 TTapaTTdvw Bewpnua Kal To Bewpnua EVOIGUECWY TIMWY TTPOKUTITEI OTI TO GUVOAO TIHWV
MIag ouvexoug ouvapTtnong f pe 1Tedio oplopou 10 [a,p] €ival TO KAEIOTO didoTnUa [m,M ], 6TToU m

n eAaxIoTN TIWA Kal M n yéyiotn Tiun TnG.

y
MNa wapddeiypa, n ouvaptnon f(x)=nux, xe[0,2z] €xel 1
oUvoAo TIHwV TO [-1,1], agou cival ouvexng oTo [0,2z] HE m=-1 3n/2 X
kal M =1. ? NN

o TéAOG, atrodelkvueTal OTI:

Av pia ouvdptnon f eival yvnoiwg av§ouoa kal cuveXng oe éva avolktd didotnua («, B), 101e
T0 oUVOAO TIYWV TNG oTo didoTnua autd eival 10 didotnua (A,B) (Zx. 71a), étmou
A=1lim f(xX) kai B=lim f(x).

x—a* X—>p~
Av, ouwg, n f eival yvnoiwg @Bivouca kal cuvexng oto (&, B), 161e T0 0UVOAO TIMWV TNG OTO
didoTnua autd givai To didotnua (B, A) (Zx. 71B).

MNa mapdadsiypa,

— To ouvoho Tiywv TG f(X)=Inx+1, xe(0,e), n omoia eivar yvnoiwg augouoca Kal GUVEXAS
ouvaptnon (Zx. 72), eival 1o didotnua (—«,2), agpou

lim f(x)=— ka lim f(x)=2.

x—0*

v4 /’@ y @

-
-

D¢ ——————

~ -~

— To ouvoAo TIyWV NG f(x):i, xe€(0,1), n omoia eival yvnoiwg @Bivouoa Kal Cuvexng
X

ouvapTtnan, (Zx. 73) givai 1o didotnua (1,+), apou : lim f(x) =+ «kai Iim1 f(x)=1.
x—0" X—>
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EPQTHIEIZ ZQITOY — AAGOYZ 1°VKEDAAAIOY AMO NMANEAAHNIEE 2000 — 2020

> ZYNAPTHZEIX

1) Av f,g eivai dUo ouvapTtioelg pe TTedia opiopou A,B avtioToixa, 1é1en go f opicetal av
f(A)nB=J.

2) Kabe ocuvaptnon, mou eival 1-1 g1o medio opiouou Tng, €ival yvnoiwg govotovn.

3)Mia ocuvapTtnon f: A — IR gival ouvdptnon 1 — 1,av Kal yOvo av yia OTTOIAdATIOTE X;, Xp € A
IOXUEI N CUVETTOYWYNR: Qv X; = X,, TOTE f(X1) = f(Xy) .

4) Av f, g ival dUo cuvapTroeig pe edio opiopou IR kai opifovtal o1 cuvBéoeig fog kai gof, T10TE
QAUTEG O CUVBEDEIG Eival UTTOXPEWTIKA iO€G.

5) O1 ypa@ikég TTapaoTdoel¢ C kai C* Twv ouvaptioswy f kai f ival CUPPETPIKES WG TTPOC
TNV €uBcia y = x TTou dIxoToMEI TIG Ywvieg xOy kal x Oy,

6) Mia cuvdptnon f Aéyetal yvnoiwg @Bivouoa o€ éva didoTnua A Tou TTediou opiopoU Tng, éTav yid
OTTOIOONATIOTE Xy , X2 € A ME X1 < X, IOYUEL f(X1) < f(Xy).

7) Av n f éxer avtioTpopn ouvaptnon ' kai n ypagikh TapdoTacn Tng f éxel KoIve onueio A pe Tnv
€uBEia y = X, TOTE TO ONEI0 A QVAKE! KAl 0T YPAPIKA TTapdoTaon Tng .

8) Av yia duo cuvapthoelg f, g opifovTai ol fog kai gof, ToTE €ival utTtoxpewTiKa fog # gof.
9) H ypagikr TrapdaTacn Tng ouvdptnong f(x) = \/N , X € R éxel dfova ouppeTpiag Tov y'y.

10) Mia cuvépTtnon f pe 1Tedio opiopou A Ba Aéue 0TI TTAPOUCIALel OTO X,EA (0AIKO) eAdxIOTO, TO
f(xo), 6Tav :  f(x) < f (x,) yia KGBe XEA.

11) Mia cuvdptnon f: A — IR givar 1 — 1, av kal gévo av yia KGBe oToIXEio y Tou cuvOAou TIHWVY
NG n €€iowaon f(x) = y €xel akpIBwWG pia AVON WG TTPOG X .

12) Mia ouvaptnon f gival 1-1, av Kar yévo av KaBe opifovTia eubeia (TTapAAANAn oTov XX') TEUVEI
TN YPAQIKA TTapdoTact TG 1o TTOAU o€ €va Oneio.

13) H ypa@ik TTapdotacn Tng ouvdptnong —f gival CUPPETPIKR, WG TTPOG Tov agova x'X, TNG
YPOQIKNG TTapdoTacng Tng f.

14) Av f, g, h eival Tpeig ouvapTAoeig kai opigetal n ho(gof), 16Te opietal kai n (hog)of kau
loxUel ho(gof) = (hog)of.
15) Av pia cuvéptnon f:A— IR eivar 1-1, T6Te yia TV avtioTpopn ouvaptnon ™ 1oxver:
X)) =x, xeA xar f(f*(y)=y, yef(h)
16) Ymrapxouv cuvapTioelg TTou gival 1-1, aAAd dev gival yvnoiwg HovoToveg.

17) Mia ouvdptnon f pe 1edio opiopou A Aéue 6T TTapouaidlel (OAIKO) EAAXIOTO OTO XoEA, OTaV
f(x) = f(xo) yia kGBe xeA
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18) H ouvaptnon f eival 1 — 1, av kal pévo av k&be opifdvTia eubeia TEPVEl TN ypPaIKA TTapAdoTacn
NG f 1O TTOAU o€ éva onpeio.

19) Av opiCovtal oI cuvapTroelg fog kai gof, Té1e TTAvTOTE 10X UEI fog = gof

20) To medio opiopou piag ouvdptnong f gival 10 cUVOAO A TWV TETPUNUEVWY TWV ONUEIWY TNG
YPaQIKNG TTapdcTacng Cs TnG cuvapTnong.

21) MNa kdBe ouvaptnon f n ypa@iki TTapdoTacn NG |f| arroteAeital ammd ta TuAPaTa Tng Cy, TTOU

Bpiokovtal Tadvw atd Tov dfova X'X, KAl a1Td TG CUMMETPIKA, WG TTPOG Tov Atova X'X, TwV
THNPATWY TNG Cy, TTOU BpiokovTal KATw aTTd Tov dova X X.

22) Mia ouvaptnon f:A— R Aéyetai cuvdptnon 1-1, étav yia OTTOIAdNATIOTE X1, XoEA 10XUEl N
OUVETTAYWY): QV X1 # Xo, TOTE f(X1) # f(Xy)

23) O1 ypagikéc apaoctdoeic C kai C” Twv ouvaptAoewv f kai f1 eival cuppETPIKEC WE TTPOC TNV
euBeia y = x TTOU dIXoToEi TIG Ywvieg XOy kal X Oy”.

24) Mia ouvdptnon f ye edio opiopou A Ba Aéue 6T TTapouaialel 0To XgEA (OAIKO) HEYIOTO TO f(Xo),
otav f(x) < f(xo) yia KGBe xeA

25) Av uia ouvaptnon f eival yvnoiwg povotovn oe éva diaotnua A, 161 €ival kalt 1 — 1 oTo
d1GoTNHA AUTO.

26) Mia ouvdptnon f eivar 1 — 1, av kalr yovo av yia KABe OToIXEi0 y TOU GUVOAOU TIMWYV TNG N
eCiowon f(x) =y £xel akpIBwg pia AU wg TTPOG X.

27) H ypa@iki TTapadoTacn TnG ouvdptnong —f gival GUPPETPIKN, wg TTPOG Tov afova X X, TNG
YPOQIKNG TTapdoTaong Tng f.

28) Av wia ouvaptnon f gival 1 — 1 oTo 1edio opIoPoU TNnG, TOTE UTTAPXOUV CNUEIa TNG YPOPIKAG
TTapdoTaong NG f Ye Tnv idia TeTayuévn.

29) Av f, g, h givai Tpeig ocuvaptroeig kal opi¢eTal n ho(gof), 161€ opifeTal kai n (hog)of kai IoxUEl :
ho(gof) = (hog)of

30) Av n ouvdptnon f : A > R eivar 1 — 1 101 1oxVer . FH(F(X)) =x,x € A
31) Av n f eivar 1-1 kai To onueio M (a, B) avikel oTnv ypa@ikr TTapdotacn C tng f, 161€ TO

M'(B, ) Ba avrikel GTNV ypa@IKA TTapdoTaon C' tng T kal aviioTpdepwg.

> OPIA
32) Av uTTapxel To 6pio TG ouvaptang f aTo xo kai lim[f(x)| =0 t61e lim f(x) =0.

33) Av lim f(x) > 0167¢ f(X) > 0 KOVTa OTO X .

X—Xg

34) Av uttépyouv Ta Opia TwV CuvVapPTAoEWV f Kal g OTO X, , TOTE I0XUEL:
lim (F(x) +g(x))= lim f(x)+ lim g(x)
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35) Av uttdpyxouv Ta 6pia Twv cuvapTioewy f Kal g o1o X, , TOTE IOYUE:
lim (F(x) - g(x))= lim f(x) - lim g(x)

36) Av uttdpxouv Ta Opla TWV cuvapTHoEwV f Kal g OTo X, TOTE I0XUEI :

fog  Nimf(x)

m - . ]
= g(x) - lim g(x)

EpOOOV lim g(x) #0 .

37) lim f(x)=Ae R , avkaipévo av lim f(x)= lim f(x)=1.

X—>Xo X=X X—=>Xo

38) Av uttapxel 1o 6pio TnG f oTO Xo, TOTE lim §/f(x) :li/lim f(X) , epdoov f(x) = 0 KovTd OTO Xo, ME
k € IN kai k = 2.

39) Av utrdpxel 1o lim (f(x) +g(x) ) 76T€ KAt avaykn utrdpxouv Ta lim (f(x)) kai lim (g(x)).

40) Av o1 auvapThoelg f, g €xouv 6pIo GTO X, Kal IoXUEel f(X) < g (X) KOVTG GTO X,, TOTE :

lim f(x) > lim g(x)

.1
41) Av x # 0, 101€ 1008l lim —- = —o0.
x>0 ¥

42) Av utidpxel 010 R TO 6pIO TNG ouVAPTNONG f 0TO X € IR, 101 lim (k f(X)) =k lim (f(x)) yia
KaBe oTabepd ke IR .

43) Av lim f (x) = +oo 161€ T(X) >0 yI0 KGOE X KOVTE OTO Xo.

X—Xg

44) ‘Eotw f Tpayuatikf ouvaptnon pe medio opiopou 10 A Kal XoeA. 'EoTtw emmiong f(x)#0 yia kGBe

X€A. Av lim f(x) =400 T6TE liM 1 =—00 .

X—>Xg X—Xg (X)

45)Ava>1 161€ lim o* =0.

X—>—00

46) Av uttapxel To 6pio Tng cuvaptnong f o1o xeeR kai lim f(Xx) < 0, 167¢ f(x)<O0 KOVTG OTO Xo.

47) 'EOTw MIO OUVAPTNON OpIoHEVN O éva OUVOAO TnNG MOP®NAS (A, Xo)U (Xo, B) Kol £ €vag
Tpayuatikég apiBudg. Tote Iox0el n 1ooduvapia: lim (f(x))= ¢ < lim (f(x)— ) =0

cuovx—-1
X

48) loyuel : Iing 1

. . 1
49) Av lim f(x) =0 kai f(x) < 0 kOvTd 0TO X, TO6TE lim ﬁ = 400
X—>Xg X—Xg X
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I|m NEX =0
X

50) loyuer :

51) Av lim f(x) <0, 167€ f(X) < 0 KOVT& OTO Xo.

X—>Xq

52) Av lim f(X) =+ | —o0, TOTE Ilmi:O

X—Xg X—Xo (X)

x—0

53)I|m( L ] +00, yIa K&Be v e N.

54) Av ol cuvapTtioeig f, g €xouv Oplo OTO X,, Kal loxUel f(x) < g(X) KOvTd OTO X,, TOTE IOXUEL:
lim f(x) < lim g(x)

. X
55) loyUel ot lim 2 _q

X—>+0 X

56) Av I|m f(x) =0 kai f(x)>0 kOvTd OTO Xo, TOTE lim % =+
x—>x0 X

57) Av givai lim f(x) = +oo, T61E f(X) < 0 KOVTA OTO X9

X—Xg

58) Aveival 0 <a<1 101 lim o* =400

X—>+00

59) Av gival lim f(x) = +oo, T0TE f(X) < 0 KOVTA OTO X

X=X

60) Ma TNV TTOAUWVURIKA ouvaptnon P(x)=a,x'+a,..x" " +... a;x + 0o e a, # 0 1ox0e: lim P(X) = a,,
X—>+00

61) MNa kaBe elyog ouvaptioewv f : R — R kat g: R —> R, av lim f(x) =0 kai I|m g(x) =+

X—>Xg

6re lim[f (x)-g(x)]=0

62) loxuer 61 [nux| < |x| yio kGBe X ER

X —1
63) loxuel om: lim OWVAT2 1
x—0 X

64) Av lim f(x) = —o, T6TE I|m(—f(x)) +00

X—Xg

65) Av givai lim f(x) = —oo TOTE I|m|f (X)| =+

X—>Xp

66) Av lim|f(x)| = +o0 16T lim f(x) =—o0 1} lim f(X) = +o0
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> LYNEXEIA

67) Av n ouvdpTtnon f eival opiouévn oTo [a,B] kal cuvexnig oTo (a,B], T101E N f TTaipvel TTGvTOTE OTO
[0,B] pia péyioTn Tipn.

68) Av n ouvdpTtnon f ival cuvexng oto didoTnpa [a, B] Kal UTTApPXEl Xoe(a, B) TéTtolo woTe f(X0)=0,
16TE KOT avaykn Ba ioxvel f(a)-f(B)<0.

69) Av f gival ouvexng oTo [a, B] ye f(a)< 0 kal uttapxel ¢e(a,B) woTe f(€)=0, ToTE KaT avaykn f(B)> 0.

70) Av pia ouvaptnon f gival ouvexng oe éva didotnua A kai ¢ pundevifetal o” auTo, TOTE AUTA N
gival BeTIkn yia K&Be xEA 1] eival apvnTiKn yia KaBe xeA, dnAadr diatnpei Tpéonuo oto didoTnua A.

71) H gikova f(A) evog diaoTApaTrog A péow HI0G ouveXoUs Kal un otaBeprg ouvdptnong f civai
didoTnua.

72) Av n ouvdptnon f €ival ouvexig O0To Xo Kal n ouvdptnon g €ival ouveXAg OTO Xq , TOTE N
ouvBear) Toug gof gival cuveXAS OTO Xg .

73) H eikéva f(A) evog dlaotriipatog A péow piag ouvexoug auvaptnong f eival didoTnua.

74) Av uia cuvdptnon f gival yvnoiwg atéouoa kal cuveXng o€ éva avolkTé didoTnua (a,B), TéTE TO

oUvoAo TIHWV TNG aTo BIGoTNUA auTo gival To didoTnua (A,B) 6tou A= lim f(X) kai  B= Iiry f(x).
X—o X—B~

75) Av f gival ouvexng ouvdptnon oto [a,B], T61e n f Taipvel oTo [a,B] pia péyiotn Tiul M kai pia

eAAXIOTN TIUA M.

76) Mia ouvexhc ouvdptnon f diatnpei Tpdonuo oe KaBéva atrd Ta dIGOTAUATA OTA OTIoIa Ol
dladoxikég piCeg NG f xwpifouv To TTEdI0 OPICHOU TNG.

77) Av pia ouvdptnon f gival yvnoiwg @Bivouca kal cuvexnig o€ €va avolkTé didotnua (a,B), ToTE TO

oUVOAO TIHWV TNG aTO SiIAaTNua auTtd sival 1o didoTtnua (A,B), 6ou A = lim f(X) kaiB = lim f(x).
x—o” X—B~

78) To oUvoAo TIHWV Piag ouvexoug ouvaptnong f pe medio opiopol 10 KAEIOTO didoTnua [a, f]

gival 70 kAe1oT16 didotnua [m, M], étTou m n eAAaxIoTn Kal M n Yéyiotn TIPA TnG.

79) Mia ouvexng ouvaptnon f diamnpei mpdonuo oe kabéva amd Ta SICTAPOTA OTA OTToia Ol
dladoxikég piCeg NG f xwpifouv To TTEdI0 OPICHOU TNG.

80) Av pia ocuvdptnon f eivar ouvexig o€ éva didotnua A kai dev pndevidetar oe autd, T101E N f
dlatnpei Tpéonuo aT1o didaTnua A.

ANANTHZEIZ EPOTHZEQN 20Q3TOY — AAGOYZ ANO MNANEAAHNIEZ 2000 — 2020

1° KEQAAAIO

NE 2)A 3)A 4A 5T 6)A 7)T 8)A 9= 10)A 11)T 12)L 13)T 14)T 15)%
16)E 17)T 18)T 19)A 20)T 21)T 22)T 23)T 24)T 25)T 26)X 27)L 28)A 29)=
30)L 31)L 32)L 33)T 34)T 35)A 36)L 37)L 38)L 39)A 40)A 41)A 42)L 43)T
44)\ 45) 46)T 47)L 48)A 49)A 50)A 51)T 52)L 53)A 54)L 55)A 56)L 57)A
58)A 59)A B60)A 61)A 62)L 63)A 64)L 65)X 66)A 67)A 68)A 69)A 70)L 71)T
72\ 73)A 74)L 75)L 76)T 77)A 78)T 79)T 80)%
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IZXYPIZMOI & ANTINAPAAEITMATA

BAZIMENA 2TO ZXOAIKO BIBAIOTIATO OGEMA A”

1. OcwpAOTE TOV TTAPAKATW ICXUPICHO :
«Av f(x)-g(x)=0 yia kGBe xe A 101 f(X)=0 yIa K&Be xe A | g(x)=0 yia k&Oe
XeA.»
a. Na XapoKkTnEioeTe Tov TTAPATTAVW I1I0XUPIOPS YPAQPOVTOG OTO TETPAdIO CAG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoynoete TNV atTdvTnonf 0ag OTO EPWTNHA d. (Movadeg 3)
Arrdvrnon :

a ¥

B. Eotw ol ouvaptioeig f(x)=x—|x, xeR kai g(x) =x+|X, xeR. Exoupe AoImmov ot :
f(x)-g(x) = (x—|x|)-(x+|x|): G —|x|2 =x"-x*=0.
270 TIAPOKATW OXAMO @aivovTal Ol TTApATTAVW OCUVAPTACEIS KAl OTITIKOTTOIEITAl TO
aTTOTEAEOUA :

fla)=x—|x

2. OewpnoTe TOV TTAPAKATW I0XUPIOUO :
«Av f,g duo ouvaptioeig he edio opiouou A, B avtioToixwg Kai I éva uTtooUvoAo Twv

A,B kai yia k@Be x eT" 1oxver f(x) =g(x) 16TE O oUvapTAcElS f kal g eival ioeg oTO
ouvoAo M»
a. Na YXapoKTnpioETE TOV TTAPATTAVW IOXUPIOPO ypApovTag OTO TETPAdIO COOG TO

ypaupa A, av gival AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)

B. Na aimloAoyrnoete TNV atTdvTno 0Ag OTO EPWTNHA d. (Movadeg 3)
Amrdavrnon :
a. A
B.

a , X -1 Ax -
o tapddetypa ot cuvaptioes  f(x)= * . g(x)= r A mov Eyouvv meoia
x— x

opiglov ta govord A=R-{1} xa1 B=R-{0} avrictoyju. eival iceg 610 GHvoLo

I'=R-{0.1}. upoi yia kdfs xl 1oyvet o1t f{x)=g(x)=x+1
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3. OewpnoTe TOV TTAPOKATW ITXUPICUO :
«Av f,g duo ouvaptroeig pe Tredio opiouou A, B avTioToixwg kai opiovtal ol f o g Kkai

go f 1OTE UTTOXPEWTIKG I0XVUEl go f = fog».
a. Na XapoKTnpEioeTe Tov TTAPATTAVW I1I0XUPIOPS YPAQPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrioete TNV atTdvTnonf 0Ag OTO EPWTNHA d. (Movadeg 3)
Arrdvrnon :

a ¥

B. Eotw o1 ouvapTAoceig f(x)=Inx kai g(x) = Jx.
H ouvdptnon f €xel medio opiopou 10 D = (0,+x), evio n g 10 D, =[0,+x).
MNa va opigetal n mapactaon (go f)(x)=g(f(x)) mpémel : xeD; kai f(x)eD, A,
IcodUvapa,

x>0 x>0 _[X>0 o1 snhash moémel x> 1. ETouéviwe. o iCeTan
f(x)=0 Inx>0 x>1 T e ”

go f kaieivar: (gof )(x) =g(f(x))=g(Inx)=+Inx, Dy, =[L+x)
MNa va opiCetal n mapdoTtaon (f og)(x) = f(g(x)) mpémel : xe D, kai g(x)eD; n,
IcodUvapa,

x>0 x>0 X200 38 0. snAdBRTTpETEr X > 0. Eopébic, o iCeTan
P <> = ) ) ’
IPEE e nAad1 Tp pévwg, opiCeTal

f og kai givar : (fog)(x) = f(g(x)) = f (Vx) =In/x, D, = (0,+00). TeAika
TTaparnpouue ot gof # fog .

4. OewpnoTE TOV TTAPAKATW IOXUPIOUO :
«Eotw f,g,h tpeig ouvapthoeig. Av opietain ho(go f), TOTE UTTOXPEWTIKA IG0XUEI

ho(gof)=(gof)oh ».
a. Na YXapoKTnpioETE TOV TTAPATTAVW IOXUPIOPO ypApovTag OTO TETPAdIO COG TO

ypaupa A, av givar AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoynoete TNV aTdvTnon 0ag OTO EPWTNHA d. (Movadeg 3)
Amrdavrnon :

o ¥
B. Eival weudng kabBwg otnv ouvBeon dgv I0XUEI N AVTIMETOBETIKN 1IBIOTATA OTTWG £§NYNONKE
0TO 2. aAAG n TTpooeTalpIoTIKA 1810TNTa ho(go f)=(hog)o f.
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5. @ewpnoTe TOV TTAPAKATW I0XUPIOUO : (MaveAAnvieg 2018)
«Av f gival yia ouvdptnon opiopévn o€ éva ouvoAo A kal “1-1” 1éTe gival Kal yvnoiwg
pMovoTovn O0TO A».

a. Na YXapoKTnpioETE TOV TTAPATTAVW IOXUPIOPO ypAQovTag OTO TETPADIO COOG TO

ypaupa A, av gival AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoynoete TNV aTdvTnon 0ag OTO EPWTNHA d. (Movadeg 3)
Atrdvrnon :
a ¥
B. Ymdapyxouv cuvapTtroeig Tou gival “1-1” aAAG dev gival yvnoiwg HOVOTOVEG, OTTWG Yia
X , X<O0
Tapadelyua n ouvéptnon 9(x) =11 x>0 ™S OTT0IOG N YPOQIKA TTapAoTACH
X

QiVETAI OTO TTOPAKATW OXAMA :

6. O@cwpnoTe TOV TTAPAKATW ICXUPIOUO :
«Av 10 6pI0 Iim|f(x)| =120, 16t€T0 liMm f(X)=1 4 lIm f(x)=-1».

=X, X=X

a. Na XapoKTnNEIioETE TOV TTAPATIAVW I0XUPIOPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoynoete TNV aTTAvINO 0AG OTO EPWTNUA d. (Movadeg 3)
Amrdvrnon :
o ¥
B.

- . Xl = . . .
[o mopdoetypa, 1 covapInon f(x)=— 0V £&1 Op10 0TO x, =0, dEOL:
X

— 1o x < 0&ivar f{x}=_—x=—1_. omdTe bm f(x)=—1, &vid
X =0~

— 7o x>0 givol _f{x}:le_. omoTe lm f(x)=1.
x +

x—0
Kol €Tl lim f(x)= lim f(x)
x=0" x—=0"

X C :
=|— =1 gyei1opio oto x, =0wKm eival

| x

Evé n ovvapman |f(x)|=

Ix]
X

It =Tt =1
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7. OewpnoTE TOV TTAPAKATW I0XUPIOUO :

«Av 10 6p10 limf2(x)=1#0, 161e TO lim f(X) =1 A/ lim f(x) =l ».
a. Na XapoKkTnpEioeTe Tov TTAPATTAVW I1I0XUPIOPS YPAQPOVTOG OTO TETPAdIO CAG TO
ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrnoete TNV atrdvTnonf 0ag OTO EPWTNHA d. (Movadeg 3)
Amdvrinon :
o ¥
B.

| x|

Mo mopdosetyna, 1 ocovaptnon f(x)=— 0&v £yel 0plLo o100 x, =0, €EOV:
X

— 1o x < 0sival f(x}=_—x=—1_. omoTe bm f(x)=—1, &vd
X a0

— yio x>0 givol f{r}:ﬁzl, omoTeE Im f(x)=1.
X P

xol ETor hm f(x)= Hﬂ1+ fi(x)

x—l™ x—l

3 ,
- . 2 X X : . :
gve 1 covapmeon f(x) = (—lJ _ x| =1 &ye16po 610 x, =0Kon eivan

X

2
X

limf*(x) =liml=1.
x—0 x—30

8. OewpnoTe TOV TTAPOKATW ITXUPICUO :
«To 6pio lim f(x), eival ave§aptnTo TWV AKPWV Q,B TWV dIACTNUATWY (0, X,) Kal (X,, 5)
oTa oTroia Bewpoupe OTI N cuvaptnon f eival opiopévn»
a. Na XapoKTnEIioETE TOV TTAPATIAVW I0XUPIOPO YPAPOVTOG OTO TETPAdIO CAG TO

ypaupa A, av gival AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)

B. Na airloAoyrnoete TNV aTdvTnon 0ag OTO EPWTNHA «. (Movadeg 3)
Amrdavrnon :
a. A
B.

- § , . | x-1
o mapaosrypo av BELovpe To OpLo TS CUVEPTICTS f{x] = l 10 Xo=0
xX—

mepropilonacte oto (-1, 0)u(0. 1) tov mediov opiool TNE. GTO OMOI0 TUipVEL TNV

., =(x=1) : . , : .
wopeny f(x)= -=—1. kot emouévas to Cnrovuevo opro sivar lim f (r) =-1]

xX— x—
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9. OewpnaOTE TOV TTAPAKATW ICXUPIOUO : (MaveAAnvieg 2020 1.%.)

«lMa k&Be ouvdaptnon f e I|m f(x) =0, 1ox0e1 6T lim T =+oo A lim % = —00»
X—>Xg X X—>Xg X
a. Na xapaokTnpioete Tov TTOpPATTAvWw I0XUPIOUO YPAPOovVTag OTO TETPAdIO 0OG TO
ypaupa A, av gival AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoynoete TNV aTdvTnon 0ag OTO EPWTNHA d. (Movadeg 3)
Atrdvrnon :
a ¥
B. Aivetar n ouvaptnon f(x)=x*" ue Iirrcl) f(x)= Iirrg(xz”l) 0. Opwg 10 Ilm% dev
X—> X—> X
1 . 1 - 1 : 1
uTTapxel Kabwg I|m = lim —— =+, gviy lim = lim ——=—w.
N f(x) x—0t XV X0~ f(x) x>0~ X
10. OewpAOTE TOV TTAPAKATW IOCXUPIOUO : (MaveAAnvieg 2018 EmravaAnTrrikég)

«lMa k&Be Celyog Tpayuatikwy cuvapthoewy f,g:(0,+0) - R, av ioxlel Iing f(X) =+
kar lim g(x) = —o, TOTE Iirrg[f (x)+g(x)]=0».

a. Na XapokTnEioeTe Tov TTAPATTAVW I0XUPIOUS YPAQPOVTOG OTO TETPAdIO 0Ag TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aitloAoyrioeTe TNV aTTdvTnNo 0AG OTO EPWTNHA «. (Movadeg 3)
Atrdvrnon :

a ¥

B. Av TTdpoupe TIG ouvapTAoelg f(x) = iz +1 kal g(x) = —iz, TOTE EXOUE:
X X

x—0

lim f(x) = Iim(i2 +1J = +00, I|m g(x) = |Im(—i2j=—oo Kal
x—0 x—-0\ ¥ X

I|m(f X)+g(x)) = Ilm(—i+1+LJ =liml=1.
X

X x—0

11. OewpnoTE TOV TTAPAKATW IOXUPIOUO : (MaveAAnvieg 2019)
«lMa kaBe ouvaptnon f: A —> R, étav uttdpxel 10 6plo NG f KABWG TO X TEivel OTO

X, € R, TOTE AUTO TO 6pI0 1I00UTAI PE TNV TIMA TG T OTO X, ».
a. Na XapoKTnEIioeTe TOV TTAPATTAVW I1I0XUPIOUO YPAQPOVTOG OTO TETPAdIO 0Ag TO

ypaupa A, av givar AANBRg, f To ypauua W, av civar Weudnig. (Movada 1)
B. Na aimloAoyrjoete TNV atrdvTnon 0a¢ OTO EPWTNHA «. (Movadeg 3)
Amrdavrnon :
o ¥
B. O 1oxupioudg Ba ATav owaoTtdg, av n f ATav ouvexng oto X,. Mo Tapddeiyua, n
X1 w1 X2-1 ) (X=D(x+1)
ouvaptnon f(x)=< x—1 e . loyver om I|m f(x)= lim X =

-1 X -1 xal Xx—-1
3 ,avx=1

Iin}(x+1) =2,evw f(Q)=3.

36



12. OecwpAOTE TOV TTAPAKATW IOXUPIOUO :
«Mia ouvaptnon f Oev eival ouvexng o€ éva anueio X, Tou TTEdioU OpIoPOoU TG, OTAV

OEV UTTAPYEI TO OPIO TNG OTO X, »
a. Na YXapoKTnpioETE TOV TTAPATTAVW IOXUPIOPO ypAQovTag OTO TETPADIO OOG TO

ypaupa A, av gival AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)

B. Na aimloAoyroete TNV aTdvTnon 0AaG OTO EPWTNHA d. (Movadeg 3)

Amravrnon :

a A

B. q
- X"+l x=0 _

T mopaderypa: ) covdpmen f(x)= { ] 0 OEV EIVUL GUVEYNS GTO Xo=0,

2-x, x>

agov lim f(x)=1lim(x’ +1)=1.evé lim f(x)=1m(2-x)=2 ométe dev vrdpyet
a—" ] a—0" x—=07 x—0"

0 opro mc foto 0.

13. OcwpAOTE TOV TTAPAKATW IOXUPICUO :
«Mia ouvapTtnon f dev gival ouvexng o€ éva onueio X, Tou TTediou opiouou TG, 6Tav
UTTAPXEI TO OPIO TNG OTO X, , AAAQ gival BIAQOPETIKO atrd Tnv TiuR NG f 010 X, .»
a. Na YXapoKTnpioETE TOV TTAPATIAVW IOXUPIOPO ypAQovTag OTO TETPADIO COOG TO
ypaupa A, av gival AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)

B. Na airloAoynoete TNV aTAvInor 0ag OTO EPWTNHA d. (Movadeg 3)

Amravrnon :
a. A
B.

Mo tapdostyna:

| -1
) Loov o r=1l . ) .
H covapmmon filx)=4 x—1 oev eival goveyng oto 1. agov
3, av r=1

m%f(.a-)=mﬁw=m]{x+n=z. eved  f(1)=3.
r— X— x— I—
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14. OecwpAOTE TOV TTAPAKATW IOXUPIOUO :
«EoTw pia ouvdaptnon f, opiopévn o€ Eva didoTnua [a,B] av :
e n f eival ouvexng oTo [a,B] Kal eTTITTAéOV, I0XUEI
o f(a)f(B)>0
10TE Oev UTTAPXE! X, € (a, B) TéTo10 WOoTe f(X,) =0»

a. Na XapoKTnpEioeTe Tov TTAPATTAVW I1I0XUPIOPS YPAQPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrnoete TNV atTdvTnonf 0Ag OTO EPWTNHA d. (Movadeg 3)
Atrdvrnon :
a ¥
B.

Av f(xFEnux-covx., xe[0. 2n] éyovue f{0)=-1, f&r)=-1. dpa {0)fi27)=1=0 dnladn n
cuveyns T Eyel oTa dkpa TOL OWCTHUATOS opdoNues Tnés kot 1) elloman H{x)=0
gyel TovAdyiotov pia pila ato (0. 21) aeov

f{x)=0<= nux-cvvx=0<= Nux=cvvi= epx=1< x=n/4 1| x=3/4.

15. OewpAOTE TOV TTAPAKATW IOXUPIOUO :
«Av yia pia ouvexfy ouvdptnon f:R >R 1oxve f(X)#0 yia KGO x =0, 161 N f
dlartnpei Tpdonuo oto R »
a. Na YXapoKTnpioETE TOV TTAPATIAVW IOXUPIOPO ypAQovTag OTO TETPADIO COOG TO

ypaupa A, av gival AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV aTAvInor 0Ag OTO EPWTNHA d. (Movadeg 3)
Arrdavrnon :
o ¥
B.
j L, x>0

Mo tepdderyuo 1) GOVapTNa f(,x] = EIVUL GUVEYTS OTO
|-1, x<0 '
R™=(=0. 0)u(0. +) . ne f(x)# 0y xafe xe R =(-w. 0) (0. +x) akhd dev

ol pel Tpoc Lo 6To Guvoio avtd agov Hx)<0. yio x<0 kot f{x)=0. x>0.

16. OewpAOTE TOV TTAPAKATW IOXUPIOUO :
«To guvoAo TIWV HIOG ouvexoUug cuvaptnong f pe tmediou opiopou 10 [0,B] €ival TO
KAEIOTO didoTnua [m,M] 61Tou m n eAaxIoTn Kal M n p€yiotn TiuR TNG.»
a. Na YXapoKTnpioeTe TOV TTAPATTAVW IOXUPIOKO ypApovTag OTO TETPAdIO OOG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimlohoyrnoete TNV aTdvTnon 0AG OTO EPWTNHA d. (Movadeg 3)
Atrdavrnon :
a. A
B.

Av f(x)=nux. x[0. 2x] &ys1 cvvolo Tipév To govoio [-1. 1] apod sivar cuveyiic GTo
[0. 2x] pe ehdyiom T m=-1 kot péyiotn i M=1.
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KED®AAAIO 2° : AIAOOPIKOZ AOlIZMOX

2.1 H ENNOIA THX I[IAPAT'QI'OY

28. OPIZMOZ (2004, 2009)

MNote pia ouvaptnon f Aéyetal Tapaywyioiyn o éva onueio x, Tou Trediou opiopou TNG ;

Armravrnon :

Mia cguvaptnon f Aépe OTi gival TrTapaywyioiun o’ éva onugio x, Tou Tediou opiouoU NG, av Kal

MOVO av UTTAPXEl TO limM
X=Xy X—XO

Kal givalr Tpayuatikdg apibudg. To 6plo autd ovouddleTal

Tapdywyog TnG f oto x; Kai oupgPBoAieTar pe '(x,). Anhadn: f'(x,) = lim M

Xo X—XO

ZXOAIA :

a) Av, Twpa, oTNV I00TNTA f'(x,) = lim

X—=Xq

f(x) - f(x,) Bfooupe x =x, +h, TOTE £X0OUUE
X=X

() = lim  Zo T T06),

MoAAéG @opég TO h=x-x, OUPPBOAICETal pE Ax, eV TO f(x,+h)—f(X,)= f (X, +4%)— f(x,)

OupPoAiCeTal Ye Af (X,) , OTTOTE O TTAPATIAVW TUTTOG YPAPETAL:  f'(x,) = lim A];(xo) .
x— X

H TteAeutaia 106mTNTa 00rynoe 10 Leibniz va cupfoAicel Tnv Tmapdywyo OTO X, MHE dféx()) n
X

df (x)

. . O oupBoAiopdg f'(x,) €ival HETaYEVEDTEPOG Kal oPeileTal oTOV Lagrange.
X

X=XQ

B) Av 10 X, €ival EOWTEPIKO ONUEIO EVOG BIACTANATOG TOU TTEdiOU opIopoU NG f, TOTE:

H f gival Tapaywyioiyn aTto x,,, av Kal yévo av UTTap)ouv 0To R Ta OpIa :

lim F)-fx,) . lim M Kal gival ioa.

X=Xy X=X, X—X§ X=X,

29. A) Ti opiCoupe wg epatrTopévn NG C, oTo onueio TG A(X,,f(x,))

B) Av n ouvaptnon f ival TTapaywyioiun oTo onueio x_, va YPAWETE TNV £§iowan TNG EQATITOPEVNG
NG C, oTo onueio TNG A(x,,f(x,)). (2000)

Atmdvrnon :
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A) Eotw f pia ouvaptnon kai A(x,,f(x,)) €va onueio NG C, . Av utrdpxel 10 lim w
X=X - X,

gival €vag TTpayuaTikog apiBuog A, 161e opifoupe wg eQaTTopEvn TNG C, OTO onueio Tng A, Tnv

Kal

euBcia € TTou diEp)eTal aTTO TO A KaIl £XEI CUVTEAEDTH dlEUBuvONG A.

B) H egiowaon g epattopévng (€) NG C, 010 onueio TG A(x,,f(x,)) Eivar:
y - f(xo) = f'(xo )(X - xo)

ZXOAIA :

2UPQWVa JE TOV TTAPATTAVW OPICHO:

o O ouvteAeoTrg dieUBuvang TnG epamTopévng € TNG C,; piag mapaywyioiung cuvdptnong f, oto

onueio A(X,, f(X,)) €ivai n Tapdywyog NG foTo X,. Anhadn, eivar |4=f"(x,)|,

omorte n e€iowon e epamrouévnc € eivar : |Y— F(Xo) = F'(X)(X=%,)

Tnv khion f'(x,) g epamTopévng € oto A(X,, f(X,)) Ba T Aépe kai kAion Tng C, oTo A 1
kKAion Tng f oTo Xx,.

e H oTiypiaia taxdtnta evog Kivntou, Tn XPOVIKA OTIyun t,, €ival n Trapaywyog Tng ouvaptnong
Béong X = S(t) Tn xpovikn oTiyun t,. AnAadn, eivai o(z,) =S'(¢,).

30. Av pia ouvaptnon f eival Tapaywyioiyn o’ €&va onuegio x,, TOTE €ival KAl OUVEXNG OTO ONUEIO
auto. (2000, 2003, 2007 B, 2013 B", 2017 Z-A pe e§ynon)

Améde1gn :

Ma x = x, éxoupe f(x)-f(x,) =

w.(x —X,), OTTOTE Ba gival :

0

F(x) ~(x,)

0

f(x)—1f(x,)
X —X

0

(x-x,)| = lim

X—>Xq

Alim(x-x,) =f(x,)-0=0,

X—>Xq

lim L) f(x,)] = fim

agou n f eival Tapaywyioiun oto x,. Emopévwg, lim f(x) = f(x,), dnAadn n f eival ouvexng ato x, .

ZXOAI0 :
To avtioTpo@o Tou TTapaTTdvw Bewprnuatog dev 1oxuel. MNa Tapddeyua :

‘Eotw n ouvdptnon f(X)=|x|. H f eivai ouvexic o1o X, =0, ahAd Bev eival TTapaywyioiun o’
, .o f)-f0O) . x e F)-f0) . —x i

- lim ———~=lim—=1 Iim——==lim—=-1,

auTd, agou B — =t EVW m 0 Rl (MaveAARvieg 2017)
MapatnpeoUue, dnAadn, 6T uia cuvdptnon T propei va sival cuvexic o’ éva onueio x, Xwpig va
gival TTapaywyioiun o’ autd. Av, éuwg, n T eival Tapaywyiciun oto x,, T6TE Ba ival Kal GUVEXAS
aTo X,,

loxoer pwg o1 : Av pia ouvaptnon f dev gival ouvexng o’ éva onpeio x,, 0T, CUPPWVA UE TO
TIPONYOUNEVO Bewpnua, SeV PTTOPEI va gival TTApAYwYioIun OTO X, .
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2.2 IMAPATI'QI'IYIMEY YXYNAPTHXYELY - IAPAI'QrI0Y XYNAPTHXH

31. OPIZMOI

MoT1e wia ouvapTtnon f Aéyetai :

a) Mapaywyioiun oto cuvoAo A

B) Nopaywyioiun oto avoikTé diIaoTnua (e, B)

y) MNapaywyiocipn 010 KAEIOTO dIACTNHA [a, ] (2010 B’, 2013)

®) T1 ovopddoupe TTpwTN, BEUTEPN KAl YEVIKA VIOOTH TTAPAYWYO iag ouvdaptnong f;

(2020 N.Z. pévo yia TRV TPWTHN TTAPAYWYO)

Amravinon :

‘Eotw f pia cuvdptnon ue mmedio opiouou éva ouvolo A. Oa Aéue OTI:

a) H f eival Tapaywyioiun oo A i, atrAd, Trapaywyioipgn, 6tav gival rapaywyioiun o€ Kade
onueio x, € A.

B) H f cival Trapaywyiociyn o€ éva avolkTo S1IdoTnpa (a, ) Tou TTEdiOU OpIoUOU TG, OTAV €ival
TTapaywyioiun oe KGBe onueio x, < (a,p) .

y) H f eival Trapaywyioipn o€ éva KA€I0TO didoTnpa [«,#] TOu TTEdIOU OPICHUOU TNG, OTAV Eival
TTAPAYWYICIUN OTO (a,B) Kal EMTTAEOV IOXUEL i FOO=F(@) _p kat | FE=FB) 5.

xX—=a* X—-a X—p~ X — B

8) ‘Eotw f pia ouvdpTtnon pe 1edio opiopod A kai A; T0 GUVOAO Twv OnpEiwv Tou A oTa oTToia
auth eival TTapaywyioiun. AvtigToixifoviag kGBe X € A, oto f'(X), opifoupe Tn ouvapTnon

f""A >R
x — f'(x),
N oTToia ovopadeTal TTPWTN TTapdywyog TG f 1 amAd mapdywyog Tng f. H mpwtn TTapdywyog
) df . ) \ s
NG f oupBoAileTtal kal e d_ mou dloBadetal “vre €9 TPOG vTe XI”. [a TTPAKTIKOUG Adyoug Tnv
X

mapdywyo ouvaptnon Y = f'(X) 6a tn cupBoAiloupe kai pe y = (f(X))".

Av umoBéooupe 6T To A, eival didoTnua 1) évwon dlaoTNPATWY, TOTE N Trapdywyog g ', av
uTTapxel, AéyeTal deUTEPN Trapdywyog TnG f kai cupBoAiletar ye .

Emraywyika opileTal n viooTh Trapdywyog Tng f, pe v >3, kal cupBoAileTal ye f) . AnAadn
=Py, v2s.
H eUpeon tng mapaywyou ouvaptnong, e Baon tov opioud mou dwaoale, Ogv givar Tavia €UKoAn. 21n

ouvéxela Ba doUuE LEPIKES BATIKES TTEQITITWOEIS TTAPAYWYIONS OUVAPTATEWY, TTOU 6a TIS XPNOILUOTTOIOULE
oTnVv €0PECN TTAPAYWYOU CUVAPTHOEWY (QvTi va XpnoiuoTTolIoUUE TOV OPIoUO KABE popd).
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Maparnpnon :

. oy f(X+h)—f(X) y f'(x+h)—f'(x)
loyver: | (X)—Lm . p F(x )—Ih_r’)lg "
f(u)—f(x y . f'(u)-f'(x
eronc: £/0) =lim+W=TX) ) ( ) 1700 =lim =0 g
U—X U—>X U—X
32. Na atodeieTe OTI :
a) Av f(x)=c, 16Te f(x)=0 B) AV f(x)=x, T0Te f(x)=1
V) AV f(x)=x", ue veN-{0,1}, TOTE f(x)=vx"! &) AV f(x)=1/x , T0TE f'(x):%, x>0
2\x
(2005 B")
Am6de18n :
a) Mo x = x, 1oxoer: A=) _ c-c _,. Emopévwg, jim fX=fx) _ 4, 8nAadn (c) =0
X=X, X=X, xxy X=X,

B) Ma x =X, loxuel om : f)-f(x) _x=% _, Emopévwg, i £(x) - (x,) - lim 1:1,6n)\0(6r'] (x) =1.

X=X, X=X, % X=X,

Y) Avx, €ival éva onueio Tou R, TOTE yIa X # X, I0XUEL:

fO)—f(x,) X" =x5 (X=X )X +X"2x;) +-4+x77")

=X XX X

X=X, X=X, X=X,
4 .. f X _f X . 4 v v-1
ETTopévg : Jim FO)~106) lim (¢ + x24T = x4 4 = vxe1,0NAABA (X)) = vx
X—Xq x—xo X—>Xg

8) Avx, gival £va anueio Tou (0,+x), TOTE VIO X # X, IOXUEL:

F0-fx) Vx—yhg (oo )(Yxebo) ko 1, oToTE:
X - X, X=X, (x - Xo)(\/— \/70) (x- x)(\/— \/7) \/7
() - f(x,) 1, dnhad 1.

xILTc X - X, LTQ\/;+\/_ 2\/x_ \ n(\/;)_zx/;

Mapatipnon : n f(x) =/x éxe Tedio opiopol To A =[0,+00), dpwg : lim L(];(O)
x—0" X—

Jx

1
= lim — = lim —= = +o0, dpa n f dev eival Tapaywyioiyn oto x, =0.

x—0" X x—07 \/;

ZX6A1a — TuTrO!I :
e EoTw ouvdptnon f(x) =nux . H cuvdptnon f eival mapaywyioiun oto R kai iIoxUel f'(x) = ouvx ,

¢ EoTw n ouvdptnon f(x)=ouvx. H cuvdptnon f gival Tapaywyioiun oto R Kai 1IoxUel f'(x) = —npx,
dnAadn ‘(ouvx)’ = —nux‘

e EOTw N ouvdpTtnon f(x) =e* . ArodeikvueTal 611 N f gival TTapaywyioiyn oto R Kal I0XUEl f/(x) = e,
dnAadn [(e*) =e*

e EoTw n ouvdptnon f(x)=Inx . ATrodeikvueTal OTI N f gival Tapaywyiciun aT1o (0,+x) I0XUEI f(x) _1
X

, dnAadn |(Inx) :%
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2.3 KANONEX ITAPATI'QI'IXHY

33. OEQPHMA (lMapdywyog¢ aBpoicuarog)
Av o1 ouvapTioeig f,g gival TTapaywyioiyeg oTo X, , TOTE N ouvapTtnon f+g gival Tapaywyioiun
oTo X, Kai loXUer: (f+9g)'(x,) = f'(x,)+9'(x,) (2020 N.x.)

ATTooEI

(F+9)0) —(f+9)(x%,) _ Fx) +90) —f0x,) ~g(x;) _ fx)~Flx,) , 9(x)-a(x,)

MNa x # x,, IOKVEL:
X=X, X—X, X=X, X=X,

ETreidn o1 cuvaptioeig f,g gival TTApaywyioIUEG OTO X, , EXOUME:

i FHO0O-(F 1)) | F0-Flx) | 9x)-g0x;)

= lim =f'(x,)+9'(x,), dnAadn
X=X, X — xO X—Xg X — XO X=X, X — xO
(f+9)(x,) =f'(%,) +g'(x,) .
Znugiwon :

Av ol ouvaptioeig T, g eival TTapaywyioipeg o’ éva didotnua 4, To1e yia KdBe X € A 10xUEl:

(f+8)(x)=rf'(x)+g'(x).
To Trapatrdvw Bewpnua 1o0XUEl KAl yid TIEPICOOTEPEG ATTO dUO ouvapTthoelg. AnAadn, av
fi, T, ..., f, givar mapaywyioiueg oo A, tote : (f, + f, +--+ )’ (X) = £/(X)+ £, (X)+---+ £, (X).

Ma mapddeypa, (MuX+X° +e* +3) = Mux)’ +(x?)'+(€*)'+(3)' = cuvx+2x+e*.

34. GEQPHMA (lMapdywyocg yivouévou)
Av ol ouvapTnoeig f,g gival TTapaywyiolheg oTo X, TOTE KAl N ouvapTnan f-g &ival Tapaywyioiun
oTo X, Kai loxUer: (f-g)(x,) = f'(x,)g(x,) +f(x,)9'(x,) -

Znueiwon :
¢ Av ol ouvapTroelg f,g €ival TTApAywyioIYeG 0 éva didoTnua A, TOTE yia KABE x € A 10XUEL:

(f-9)(x)= F'(x)g(x)+ F(x)g'(x)|.

Ma apddeiyua, (€*Inx) =(€*)'Inx+e*(nx) =e*Inx +e* 1 Xx>0.
X

e To TTapatrdvw Bewpnua ETTEKTEIVETAI KAl YIa TTEPIOOOTEPES aTTO dUO cuvapTtoElS. 'ETOl, yia TPEIg
TTOPAYWYICINEG CUVAPTAOEIC IOXUEL:

(f()9()h(x)"=[(f (x)g(x)-h()]"= (f (x)g(x))"-h(x) + (T (x)g(x))-h'(x)
=[f'()g(x)+ f(x)g'(x)]h(x) + f (x)g(x)h"(x)
= £'00g()h(x)+ £ () g'(x)h(x) + f (x)g(x)h"(x).
Mo TTopadelyua : (\/;-nux-ln x)" = (v/x)"-nux-In x+\/;-(npx)’-ln X +~/X -qux- (In X)'

——NuX- In X+ /X - covX - In X+ /X - MEX - —, x>0.
2\/_

o Av f gival TrTapaywyioiun ocuvdaptnon o’ éva diaoTnua A kal ce R, €TT€1dn (¢) = 0, CUPPWVA JE TO

Bewpnua (2) éxoupe:  [(cF(X)) =cf'(X)| ra mapadeypa : (6x°) =6(x*) =6-3x* =18x°.
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35. OEQPHMA (lNapdywyoc mnAikou)

Av o1 ouvapToeig f,g gival TTapaywyioiyeg aTo x, Kai g(x,) # 0, T0TE Kai n ouvapTnon f givai
9

f'(%,)9(%,) — f(x,)9'(%,)
[9(x,)F

TTapAywyioiun oT1o x, Kal IoxUEl: [ij (x,) =
g9

Znugiwon :
e Av ol ouvapTAOEIG f,g €ival TTAPAYwWYIOIYEG O Eva dIGoTNUA A Kal yIa KABE x e A 10XUEl g(x) =0,

f'(x)g(x) - f(x)g'(x)
[9()P? '

f
TOTE yIO KABE X € A £XOULE: [5] (x)=

o’Eotw nouvaptnon f(x)=x", veN". H ouvdpTtnon f cival Tapaywyioiyn oto R* Kai IoXUEl
fi(x)=-vx"7, 8nhadn (x7) =-vx 1

ATo6EI

Mpdypar, yia KaBs X € K™ éxoupe :

— _Vx—v—l

() - [L) X1y v
X

(xv )2 x2V

e EoTw n ouvdptnaon f(x) =epx . H ouvdaptnon f eival Tapaywyioiun oto R - {x|ouvx = 0} Ka

ioxUel f/(x)=——=—, dnAadn (epx) =—
ouv-X ouv-X
Améde1gn:
MpayuarT, yia KOs x € R —{x|ouvx = 0} €xoupe:
(cox) = nux | _ (nux)'ouvx —nux(ouvx)’ _ OUVXOUVX +NUXNPX _ OUVEX +NpPX = 1 )
ouvX ouvix ouvx ouvix ouvix

¢ 'EoTw n ouvaptnon f(x) = ogx . H ouvdptnon f eival rapaywyioipyn oto R —{x|nux = 0} kai 1oVl

, , 1
f(x) = _LZ , OnAadn (O(PX) =7
nuex nu=x
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36. OEQPHMA

Av n ouvaptnon g eival TTapaywyioiun oto x, Kai n f eivar Tapaywyioiun oto g(x,), T0TE N

ouvaptnon feg €ival Tapaywyioiun oto x, Kai1oxvel (feog)'(x,) = f'(g(x,)) - 9'(x,)

ZXOAIa :

levikd, av pia ouvdptnon g eival mapaywyioiun o€ éva diaotnua A kai n f gival Tapaywyioiun oto
g(A) , TOTE N ouva@pTnon feog cival Tapaywyioiun oo A kai loxvel (F(g(x))) = F'(g(x))- g'(x) .

AnAadh, av U= g(x), tote (f(u)) = f'(u)-u’. Me 10 cupBoAIou6 Tou Leibniz, av y = f(u) Ka

dy _dy du
dx du dx

u=g(x), éxoupe Tov TUTTO TTOU €ival yvwoTdC WS KAVOVaS TnG aAucidag.

37. OEQPHMA

Na amrodeigere OTI :

a) H ouvaptnon f(x)=x*, a€ R -2 eival Tapaywyicipn oTo (0,+x) Kal IOXUEIf(x) = ax®?,

B) H ouvdptnon f(x)=a*, o >0 cival Tapaywyioiun oto R Kai loxUel f'(x)=o*Inao .

y) H ouvéptnon f(x)=In|x|, x eR* gival Tapaywyioiyn o1o x e R* Kai 1oxUel (In|x|) = 1 (2008)
X

Améde18n :

a) Mpaypar, av y = x* = e kai B¢coupe U =alnx, T6TE éxoupe y = e'. ETTopévwg,
y! — (eu)/ _ eu U= ealnx oL

B) Mpdyuar, av y =a* = e kol B¢ooupe u=xlno, TOTE £X0UpE y = e". ETTopévwg,

’

y :(eu)r:eu‘u

’

=eX" na =a*lna .

y) Mpayparr

—av x>0, 8T (In|x|) = (Inx) = - , eV
X

—av x<0, 161€ In| x |=In(-x) , om6TE, OV BEc0OUpE y =In(—x) KaI U=—X, EXOUNE y =Inu.

L

ETOEVIS, ' = (Inu) = L 4 =~ (-1) =, K&l GPO (| xy - 1
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2.4 PYOMOX METABOAHX

38. OPIZMOZ

T Aépe puBuo peTaBoAnG Tou peyEBoug y wg TIPOG TO PEYEBOG x yia X =X,, av y = f(x) Eival
TTapaywyiciun cuvaptnon ;

Amrdavinon :

Av dUo peTaBANTG peEYEBN x,y ouvdéovral pe Tn oxéon y=f(x), otav f eival pia ouvaprnon
TTaPAYWYiaIun a1o X, , TOTE ovoudlouue puBuo PETABOANG TOU Y WG TTPOG TO X OTO GNUEIO X, TNV

mapaywyo f'(x,) .

¢ O pubuodg PETABOARG TNG TAXUTNTAG V WG TIPOG TO XPOvVo t Tn XPOVIKr oTiyur t, eivalr n
mapdywyog V'(t,), TN TaxUTNTOG V WG TTPOg To Xpovo t Tn xpovikr oTiyun t,. H mapdywyog
V'(t,) Aéyetar emTdyuvon Tou KivnToU TN XPOVIKA OTIYMr t, Kal oupBoAiletal pe a(t,). Eivai
onhadn : a(t,) =V'(t,) = S"(t,).

e >TNV oikovopia, 1o kK6oTog K, n ciompagn E kai 10 képdog P ekpdlovral ouvapTioel TG
T006TNTAG X TOUu Trapayéuevou Tpoidviog. ‘ETol, n mapdywyog K'(X,) Tapiotdvel 10 pubud
METOBOAAG Tou K6oTOUg K wg TTpOg TNV TT00OTNTA X, OTAV X = X, KOI AEYETAI OPIOKO KOOTOG OTO
X, - AvaAoya, opifovTal Kal Ol £VVOIEG OPIOKN €i0TTPAGN OTO X, KAl OPIAKO KEPOOG OTO X, .
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2.5 TO OEQPHMA MEXHXY TIMHXY

39. OEQPHMA ROLLE (2007 B, 2012 B, 2020 N.Z. B')

Na diatuttwoeTte TI Bewpnua Tou Rolle Kal va SWOETE TN YEWMETPIKI EPUNVEIaQ.

Amrdvinon :

To Bewpnua Tou Rolle dioTuTTWVETAl WG EGAG : va
Av pia ouvdptnon f givai: M(E ()

e OUVEXNG OTO KAEIOTO didoTnUA [a,f]

o TTOPAYWYIiOIMN OTO AVOIKTO didoTnUA (o,B) Kal

o f(a)=f(B)

TOTE UTTAPXEI £va, TOUAAXIOTOV, & < (o,B) TETOIO, WOTE f(8)=0.

I
[
[
[ |
[ !
ol « ¢ & B X

CewpeTpikn Epunveia :

EWETPIKA, AUTO oNUAiVEl OTI UTTAPXEI £va, TOUAAXIOTOV, & e (a,B) TETOIO, WOTE N EQATITOYEVN TNG
C,a10 M(§,f(E)) va ival TTapdAAnNAn aTov dgova Twv X.

40. OEQPHMA MEZ2HZ TIMHZ (2003, 2008 B", 2013, 2016)

Na SiatuTtwoeTe To Bewpnua TNG HEONG TIMAG TOU OIa@opIKoU AoyIOUOU Kal va OWOETE TN
YEWMETPIKA TOU EpUNVEIQ.

Atmdvrnon :

To Bewpnua TG HEONG TIUAG SIATUTTWVETAI WG EEAG :

Av pia cuvdpTtnon f givai:

e OUVEXNAG OTO KA10TO SidoTnua [o,B] Kal

e TTOPAYWYICIMN OTO AVOIKTO didoTnua (a.,pB)

f(B) - f(a)
p-o

TOTE UTTAPXEI £V, TOUAAXIOTOV, & € (a,B) TETOIO, WOTE: f'(E) =

CewpeTpikn Epunveia :

MeWUETPIKA, auTO onuaivel 0TI UTTAPXEI £va, TOUAAXIOTOV, & e (a,B) TETOIO, WOTE N EPATITOMEVN TNG
YPOQIKNG TTapdoTacng NG f o1o onueio M(g, f(&)) va gival TapdAAnAn Tng eubeiag AB.
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2.6 XYNEIIEIEY TOY OEQPHMATOX THY MEXHXY TIMHXY

41. GEQPHMA (2004 B’, 2009, 2014)
‘EoTw pia ouvdpTtnon f opiopévn o€ éva didotnua A. Av
o N f gival cuvexng o1o A Kai

o f'(x)=0 yla KABe eowTePIKG Onueio x Tou A, 16TE N f €ival oT1aBepr) o€ 6Ao To didoTnua A.

Aodeién :

Apkei va atrodeigoupe 0TI yia OTTOIABATIOTE X, X, € A 10XUel f(x,) = f(x,). Mpdaypar
e Av x, =X, , T6TE TIpOQavWGg f(x,)=f(x,).

e Av x, <Xx,, TOTE OTO dIACTNUA [X,,X,] N f IKAVOTTOIE TIG UTTOBETEIG TOU BEWPNMATOG PETNG TIUNG.
f(xz ) ™~ f(xl)

2 1

Emropévwg, uttdpxel € € (x,,x,) TéT010, WOTE f'(E) = . (1). E1me16n T10 € gival eowTEPIKO

onueio Tou A, 10xUel f'(€) = 0,0TT0TE, Aoyw NG (1), eivar f(x,) =f(x,). Av X, < x,, TOTE OpOIWG
amodeikviueTtal 6T f(x,) = f(x,) . Ze OAeg, AormTév, Tig TTEPITTTWOEIG gival f(x,) = f(x,) .

42. NOPIZMA

‘EoTw duo ouvapTtoelg f,g OpIoPEVEG O€ €va didoTnua A. Av
e OI f,g €ival ouvexeig oTo A Kal
o f'(x)=g/(x) yIa KABE ECWTEPIKO ONUEIO X TOU A,

TOTE UTTAPXEI OTABEPA C TETOIQ, WOTE YIA KABE x € A va IO0XUEL: f(x) = g(x)+c

AmrddeIdn :

H ouvdaptnon f —g €ival ouvexig oto A Kai yia KG6e e0WTEPIKO y4 @
onueio x e A 10xUEl (f-g)'(x)=f'(x)-g'(x)=0. y=g(x)+c

Etmopévwg, oupgwva Pg To TrTapamavw Bewpnua, n ouvaptnon

f —g €ival otaBepr) oto A. Apa, uttdpyel oTaBepd C T€TOIA, WOTE y:g(h w\
YIO KGBE x € A va 1oXUEl f(x)—g(x) =c, OTIOTE f(x) = g(x)+C. ' | i

6 X

ZXOAI0 :

To mmapatmdvw Bewpnpa KaBWG Kal To TTOPICUA TOu 10XUoUV O¢ SIdoTnUa Kol 60Xl Ot évwon
SlaoTnpdTtwyv. (2019)

-1,x<0

MNa mapddeiyua, £é0tw n ouvaptnon f(X) :{ i 0 Mapatnpouue 611, av kai f'(X)=0 vyia
, X >

K&Be X € (—0,0) U (0,4+), evrouToig n f dev ival atabepry ato (—0,0) L (0,+00) .
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43. EDAPMOTH (ZEA. 252)

Av yia pia cuvdptnon fioxuel 611 f'(x) = f(x) yia KABe x e R ,TOTE f(X) =ce* yia KABe x eR . Avri ToU
R UTTOPOUNE Va £XOUNE TuXaio didoTnua A.

44. OQEQPHMA (2000, 2006, 2012, 2017, 2019)
‘EoTw pia ouvéptnon f, n otroia givar o u v e X | ¢ o€ éva diaoTnua A.

e Av f'(x)>0 oekdBeeowTEPIK O onueio x Tou A, 161E N f €ival yvnoiwg augouoca oe 6Ao 1o A.

e AV f'(x)<0 O0cKGBE eO W TEPIKO onueio x Tou A, 161€ N f €ival yvnoiwg @Bivouca o€ Ao TO
A.

Aodein :

o ATTOBEIKVUOUUE TO BEWPNUA OTNV TTEPITITWON TToU gival f'(x) >0 .EoTw X;,X, € A YE X, <X, . Oa
deigoupe ot f(x,) < f(x,) . Mpdypar, oto didotnua [x,,x,]1 n f IkavoTrolEi TIg TTPOUTTOBETEIG TOU
f(xz) - f(xl)

O©.M.T. ETopévwg, uttdpxel & € (x,,x,) TETol0, WOoTe f'(E) = < x
2 T ™

, OTTOTE EXOUME

f(x,)—f(x,) = f'(E)(x, —x,) . Emeidn f'(¢)>0 ka1 x, —x, >0, éxoupe f(x,)-f(x)>0, omodre
f(x,) < f(x,).

o 2TNV TTEPITITWON TTOU gival f'(x) <0 epyalduaoTe avaAoywg.

o Tapédeiypa : f(X) =X, X € [0,4%) givar f'(X) = " >0 yia kaBe X € (0,+0) Kal agou n

2J/x

f eivai ouvexng oto [0,+), 161E N f €ival yvnoiwg avgouoa oTo [0,+x).

ZXOAI0 :

To avtioTpo@o Tou TapaTdvw Bewprpatog dev 1GXUEL. AnAadr, av n f gival yvnoiwg avfouoa
(avTioTOiXWG YvNOiwg @Bivouca) o1o A, n TTapdywydg NG Oev €ival UTTOXPEWTIKA OETIKA
(avTioTOiXWG apvnTIKN) 0TO e0wTEPIKG Tou A, (2020 N.Z.)

Ma Tapadeiypa, n ouvdptnon f(X)=x%, av kau eivat yvnoiwg avfouca oto R, evtoutolg éxet
napaywyo f'(X) =3x* n onoia dev eivat Betikr) o Gho 0 R, adov f'(0) =0. loxvet dpwg f'(X) >0
yla kéBe X € R.

49




2.1 TOIIIKA AKPOTATA Y*YNAPTHXHXY

45. Note wa ouvaptnon f pe medio opiopoy A TTAPOUCIAlEl OTO X, € A TOTTIKO WEYIOTO KaI TIOTE
TommKO €AdxioTo ; (2012, 2015, 2020 N.Z. B")

Atmravinon :

a) Mia ouvaptnon f, pye edio opiopou A, Ba Aéue OTI TTAPOUCIAlEl OTO X, € A TOTTIKO HEYIOTO,
otav utrapxel 8 >0, Této1o0 WoTe @ f(x) < f(x,) yia KABe x e An(x, —38,x, +3). To x, AéyeTtal B€on n

onueio TomKoU peyioTou, evw 1O f(X,) TOTTIKG péyioTo TnG f.

B) Mia ouvaptnon f, pe medio opiopou A, Ba Aéue OTI TTapouaiadel OTO X, € A TOTTIKO €AAXIOTO,
otav UTTAapxel & >0, TETolo WOTE @ f(x) > f(x,), yiIa KGBe x e An(x,-38,x,+38). To x, Aéyetal Béon

A onueio ToTrikoU eAayioTou, evw 1O f(x,) TOTIKS eAdyioTO TNG f.

ZXOAIA :

e Av n aviootnta f(x) < f(x,) 10X0€l yia KABe x e A, TOTE, OTIWG €idape oTnv TTapdypago 1.3, n f
TTOPOUCIAEl OTO X, € A OAIKO MEYIOTO 1) OTTAG HEYIOTO, TO f(x,) .

e Av n aviootnTa f(x)> f(x,) 10XU€l yia KABe x e A, TOTE, OTIWG €idape oTnv Tmapdypago 1.3, n f
TTOPOUOIAdel OTO X, € A OAIKO EAAXIOTO 1] ATTAG EAAXIOTO, TO f(x,).

o Ta TOTTIKA PEYIOTA KAl TOTIKA eAAXIOTa TNG T AéyovTal TOTIKA akpOTATA QUTAG, EVW TA OnuEia
ota omoia n f TTapouciadel Totka akpdTaTa AéyovTal BECEIG TOTTIKWY aKPOTATWY. TO PEYIOTO
Kal To eAdxioTo NG f Aéyovral OAIKA aKPOTATA ] ATTAG AKPOTATA QUTAG.

o 'Eva TOTTIKG PEYIOTO PTTOPE va gival JIKPOTEPO ATTO £va TOTTIKO EAGXIOTO (2X.320).

y t @

\

min;
|

|
X4

§ —_——— -

Db ————— —
@)

X—-——=

fie

x

9

x

@

/0

e Av pia ouvdptnon f Tapouciadel péyioto, T0TE autd Ba eival TO PEYAAUTEPO ATTO TA TOTTIKA
MEYIOTa, VW av TTapouaiadel, eEAaxIoTo, TOTE auTo Ba gival TO MIKPOTEPO OTTO TA TOTTIKA EAGXIOTO.
(Zx. 32B). To peyaAlTepo Opwg ammd Ta TOTKA MPEYIOTA piag ouvdptnong &ev eival TTAVTOTE
MéyioTo auTAG. ETTiong 10 PIKPOTEPO ATTO TA TOTTIKA EAAXIOTA Piag ouvdpTnong Oev €ival TTAVTOTE
eAAYI0TO TNG cuvapTNoNG (ZX. 320).

x?,x<1

MNa mapdaderypa : H ouvaptnon f(x) =41
—,1<x<3
X
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a 1 3

=Y

e oT10 X, =0 Tapouaialel Totmikd eAdyioTto To f (0) =0, TO OTTO0IO €ival Kal OAIKO EAGXITTO.
e 0TO0 X, =1 Tapouciddel Tomkd péyiototo f(1) =1.

e OTO X; =3 TTAPOUCIAZEl TOTTIKO EAGXIOTO.

OEQPHMA Fermat (2004, 2011, 2013 B® pévo diaruomrwon, 2016 B°, 1017B°, 2019 pévo
diatuTTWON)

46. 'EoTw pia ouvaptnon f opiopévn o’ €va didotnua A kal X, €va ECWTEPIKO onpeio Tou A. Av n
f Tapouciddel TOTMKO AKPOTATO OTO X, Kl €ival TTAPAYWYICIMN OTO ONUEIO AUTO, VA ATTOdEIGETE
OTl: f(x,)=0

Amrodeién :

Ag utroBéooupe o1t n  f mapoucoiddel oTo X, TOTIIKO

MEyIOTO. e @

Emeidn 10 x, cival eowteplkd onueio Tou A kai n f £(x0)
TTapouciadel ¢’ autd TOTTIKO MEYIOTO, UTTApXel &>0
TETOIO, WOTE: (X, —8,x, +3) = A KAl f(x)<f(x,), YO KOBe

x e (x, —8,x,+5). (1)

'
I
|
|
|
|
|
I
|
1

x

1
(0} xo‘é Xo xo+6

Etreidn, emmAfov, n f gival Tapaywyioiyn ato x,, 10XUEl

i) = lim TOT0R) _ pypy OO106),
X%y =X, Xxg X=X,
Etropévwg,

— av x e(x,-38,x,), 101, Aoyw NG (1), Ba civau Mzo, oTToTE Ba €X0OUpE
X =X,

£(x,) = lim f=%) L 5. (2)
X=X,

— AV x & (x,,%, +38), TOTE, Adyw TG (1), Ba eivar fX=f04)_,, oméTe Ba Exoupe ¢(x )= Iim f-s) g
X_XO X%y X*Xo
. (3)

‘Et0o1, o116 TIG (2) Kai (3) éxoupe f'(x,)=0. H amoddeign yia To1mké eAGXIOTO €ival avaAoyn.

FEWUETPIKA EPUNVEI :

Av n ouvdaptnon f TTapouaciadel TOTKG akpOTATO OTO ONUEio X, € (a, ) Kal gival TTapaywyioiun
oTo X, , TOTE N eparmTopévn Tng C; oTo onpeio M(xo, f (xo)) gival TrTapdAAnAn atov d&ova Xx'x.
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47. a) Moia AéyovTal Kpioipya onueia piag ouvaptnong f oe éva didotnua 4; (2013 B")

B) Moieg gival o1 MBavEG BETEIG aKPOTATWY PIag ouvapTtnong f o€ éva diaoTnua A

Atmravinon :

o) Kpiolga onueia 1ng f o1o didotnua A Aéyoviai Ta € 0 W T € p I K & onueia Tou A, ota otroia n f
Oev TTapaywyicetal f N Tapdywyogs Tng gival ion e 1o undEv.

B) O1 mBavég BEaeIg TwY TOTTIKWY aKOTATWY piag ouvdaptnong f o’ éva diaotnua A ivai:
1. Ta eocwTtePIKG onueia Tou A oTa oTroia N Trapdywyog Tng f undeviletal.
2. Ta eowtepikd onpeia Tou A ota omroia n f dev mapaywyideral.

3. Ta dkpa Tou A (av aviikouv aTo TTedio opiouoU TnG). (Ta dkpa Twv KAEIoTWY dIOCTNUATWY)

48. OEQPHMA

‘Eotw pia ouvaptnon f mapaywyioiyn @’ €va diaotnua (o,p) , ME £§aipeOn iowg Eva onueio Tou x,, GTO
0TT0i0 WG N f cival cuveXAg.

i) Av f(x)>0 oTo (a,X,) Kal f(x) <0 aTo (x,,B), T61E TO f(X,) €ival TOTTIKS pEyIoTo TNG f.
(2016, 2020 N.x. B")
i) Av f'(x) <0 aTo (a,x,) kar f'(x) >0 aTo (x,.B), T61€ TO f(X,) €ivan TOTIKS EAdXIOTO TNG f.

iii) Av n f'(x) dlatnpei TPOONKUO OTO (o, X,) U (X,,B) , TOTE TO £(x,) OEV Eival TOTTIKO akpOTATO Kai N f givan
yvnoiwg povéTtovn oto (a,B). (2014 B)

Aodeién :

i) ETreidn f'(x) >0 yia ka8 x € (a,x,) kai n f eivar ouvexng oo x,, N f ivar yvnoiwg avgouoa oto
(o, %,]. 'ETO1 £XOUME f(x) < f(x,), IO KABE X € (a,%,]. (1) ETeidn f'(x) <0 yia KGBe x e (x,,B) kai n f
eival ouvexng oto x,, N f eival yvnoiwg @Bivouoa oto [x,,B) . 'ETol £xoupe: f(x) < f(x,), yia kKGO
xe[x,.B). (2)

fy N <0

f(xo)

(6] Ell Xo b X (@]
Etopévwg, Aoyw Twv (1) Kai (2), 1oxver: f(x) < f(x,), yia KB x < (a,B), TTOU onuaivel 6T T0 f(X,)
gival géyioto TG f 010 (o, B) Kal Apa TOTTIKG PEYIOTO AUTAG.

ii) Epyalopacte avaldyweg.

iii) 'EoTw O11 f'(x) >0, yIa KABe X € (a,X,) U (X,.B).

ys y4




Emeidn n f eival ouvexng oto x, Ba eival yvnoiwg avgouoa oe kKABe Eva ato Ta SIACTAUATA (a,x,]
Kal [x,,8). ETOMEVWG, yvia x, <x; <x, lox0er f(x)<f(x,)<f(x,). Apa 10 f(x,) Bev gival TOTTKG
akpotato 1ng f. Oa d¢icoupe, Twpa, 61T n f gival yvnoiwg avgouca oTo (a,p). MpdayuaT, €0TW
X, %, €(a,p) ME X, <X, .

— Av x,,x, €(a,x,], €emeidn n f eivar yvnoiwg atgouoa oto (a,x,], Ba 1oxvel f(x,) < f(x,).
— Av x,,x, €[x,,B), emeidn n f eivar yvnoiwg at§ouca oTo [x,.B), Ba 1ox0er f(x,) < f(x,) .
— TéNog, av x, <X, <X, , TOTE OTTWG €idape f(x,) < f(x,) < f(x,) .

Emopévwg, oe dAeg Tig TrepImTwoeig 10xVel f(x,) < f(x,), omoéTe n f eival yvnoiwg avgouoa 610 (o,B)

Opoiwg, av f'(x) <0 yia KABe x € (a,X,) VU (X,.B).

Napadeiypa 1 : ‘Eotw n ouvdptnon f(x)=x* —4x> tou cival opiopévn oto R. H f civa

Trapaywyioun oto R, pe f'(x) =4x® —12x>. O1 piCec g f'(X) =0 eivar x=0 (BITAq) B X=3,
10 8¢ TIPpdonuo TN f' aivetal oTov TTApakdTw Tivaka:

X =00 0 3 +00
F'e) - 0 - 0 +

f \ \ O.E. /

Z0uQWVaA PE TO TTOPATIAVW KPITAPIO, N auvdpTtnon f eival yvnoiwg gbivouca ato didotnua (—x, 3]
, yvnoiwg aufouca oTo didoTnua [3,+) kol TTapoucidlel éva POVO TOTTIKO aKPOTATO,

ouykekpiyéva oAk ehdxioTo yia X =3, 10 f(3) =-27.

Napddsiypa 2 : ‘EoTtw n ouvdptnon y
3 , 1
F(X) = X 2 X < | Cs
(x-2)° , x2>1 1
H f eival ouvexig oto R kai Tapaywyioiun oto R —{1},
o} 1 2 X
3x* , x<1
pe: F'(x) = < :
2(x-2) , x>1
O1 piCec TN T'(x) =0 eivar o1 0 kai 2.
X -0 0 1 2 + 0
f'(x) + 0 + 0 - 0 +

f / / T.M. \ T.E. /

Emeidin f' pndeviletal ota onueia 0 kal 2, evw dev uTTdpxel 010 1, Ta Kpiolpga onueia Tng f eivai
ol apiBuoi 0, 1 kal 2. Ouwg, OTIWG QaiveTal oTo OXNAKA, Ta onueia 1 kal 2 cival BECEIC TOTTIKWY
aKkpoTaTwy, evw 10 onueio 0 dev eival B€on ToTmKOU akpoTtdTou. Apa dev gival OAa Ta Kpioiua
onueia BECEIG TOTTIKWY akpoTaTwy TnG f.
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e ‘OTTWG €idape oTNV ATTOdEIEN TOU TTAPATTAVW BEWPRUATOG OTNV TTPWTN TTEPITITWON TO f(X,) €ival
n Mé€yioTn TN TNG f OTO (e, B) , EVW OTN BeUTEPN TTEPITITWON TO f(X,) €ival n eAdxIoTn TIA TNG f
oT10 (a, ) .

o Av pia ouvdptnon f eival ouvexng o’ éva KAEIOTO DIACTNUA [a, A], OTTWG YVwpPICoupe (Qswpnua §
1.8), n f Tapoucidlel péyioto kai eAdxioto. lMNa Tnv €0peon Tou HEYIOTOU Kal €AAXIOTOU
epyaléuacTe wg €ENG:

1. Bpiokoupe Ta Kpioiya onyeia tTng f.

2. YmroAoyiQoupe Tig TINEG TNG T OoTO onueia auTd Kal OTa AKPA TWV SIACTNHATWY.

3. A6 auTég TIG TIMEG N HEYOAUTEPN €ival TO PEYIOTO Kal N HIKPOTEPN TO EAdyioTo TG f.

Naparnpnoeig : Av upia ocuvdptnon f eivar opiopévn o010 avoixré didotnua A kai €ivai
TTapAywyioiun o€ auto, TOTE I0XUOUV Ol TTAPAKATW TTPOTACEIG :

e Avn f mapouaidgel oto X, Tomkd akporaro, 1ote f(X,) =0.

e Av X, €A kai T'(X,) #0, 1618 n f dev TTapoUCIAdel aKPATATO GTO X, .

e AvylakdBe X € A 1oxver f'(x) =0, 101€ N f dev €xel akpoOTATA.

e Av X, €A kai f'(Xy) =0, 1618 n f dev TTaPOUCIAZEI UTTOXPEWTIKG OKPOTATO OTO X, .

e Av X, € A, 16T¢€ dev gival IcodUvapeg ol TTPoTAoElS : «H f TTapouciddel akpdTaTo aTo X, » Kal «H

eparrropévn Tng C, 0T10 X, €ival TTAPAAANAN oTOV Agova X X»
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2.8 KYPTOTHTA — XHMEIA KAMIIHY YYNAPTHXHX

49. OPIZMOZ (2006, 2010, 2014)

Mo1e wia ouvdapTtnon f Aéyetal KupTr) Kal TTOTE KOIAN 0¢€ £va didoTnua A ;

Amravinon :

‘EoTw pia ouvdptnon f cuvex ¢ o évadldoTnuaAkaimapaywyiociygn 010 ECWTEPI
K6 Tou A. Oa Aéue OTI:

e H ouvdptnon f oTpépel Ta Koiha Trpog Ta Avw 1 €ival KUpTA o1to A, av n ' €ival yvnoiwg
augouca OTO ECWTEPIKO Tou A.

e H ouvaptnon f oTpégel Ta KoiAa TTPOg Ta KATW 1) €ival KoiAn 1o 4, av n f’ €ival yvnoiwg
@Bivouca oTo EoCWTEPIKO TOU A.

ZXOAIO :

ATtrodeikvieTal OTI, av pia ouvaptnon f eival kupTh (avTioToixwg KoiAn) ¢’ éva didoTnua A, 16T€ n
EQATITOPEVN TNG YPOYIKNG TTapdoTtaong Tng f oe kK&Be onueio Tou A BpiokeTal “kKATW” (AVTIOTOIXWG
“Mavw”) atroé Tn YPOQIKN TNG TrTapdoTacn (Zx. 39), e egaipeon To onuEio ETTAPRG TOUG.

50. QEQPHMA

Na dIaTuTTwoETE TO BeWpnua TToU aopd Ta KoiAa Kal To TTPOCNUO TNG deUTEPNG TTapaywyou Tng f

Atmrdvrnon :

‘Eotw pia ouvdptnon fo u v e X | ¢ 0’ éva didoTnua A Kal dUo POPEG TTAPAYWYICIUN OCTOEC W TEP |
K 6 Tou A.

eAv f"(x)>0 yIa KGBE € 0 W T € p 1 KO onueio x Tou A, 161€ N f €ival kKupTr 01O A.

eAv f"(x)<0 yiaKABE €O W T EPIKOONUEo X Tou A, T0TE N f €ival KoiAn o1o A.

ZXOAIO :

To avrioTpo®o Tou Bewpruatog dev 1oxuel MNa Tapddeyua,
¢oTw n ouvdptnon f(x)=x* (Tx. 42). Emedn n f'(x) =4x°
eival yvnoiwg atfouoa oto R, n f(x)=x* gival kupt oTo R. y=X
EvrouToig, n f'(x) O¢gv eival BeTikA 1o R, agou f"'(0)=0.
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51. OPIZMOZ

Mote 1o onpeio A(X,, f(X,)) Aéyetal onueio kapTmg piag ouvaptnong f ;

Armravrnon :

‘EoTw pia cuvaptnon f mapaywyioiun o’ éva didotnua (e, B) , ME €€aipean iowg éva anpueio Tou
X, - AV

e n feival KUPTA OTO (e, X,) KOl KOIAN OTO (X,,8) , ) QVTICTPOPWG, Kal
e N C, £XEl €QATITOPEVN OTO ONUEIO A(X,, f (X)),

TOTE TO ONMEIO A(X,, f(X,)) OVOUAZETOI ONUEIO KAMTIAG TNG YPAPIKAG TTapdoTaong Tng f.

ZXOAIO :
Ortav 10 A(x,,f(x,)) givar anueio kapTmg TG C., T0TE Afye OTI N f TTapoUCIAdel OTO X, KAMTIA KOl
10 X, Aéyetal Béon onueiou KAUTAG. ZTa onueia KauTg n eparmropévn g C, diatrepva Tnv
KQUTTUAN.

52. OEQPHMA
Molo Bewpnua agopd Ta cnuEia KaUTTAG MIag duo QopES TTapaywyiciung ocuvaptnong f ;

Amrdavinon :

Av 10 A(X,, f(X,)) €ivar anpeio kapTg TNG Ypa@ikng TapdoTtaong ng f kain f eival duo gopég
Trapaywyioiun, tote f(x,)=0.

ZXOAIO :

To avrioTpo@o Tou Bewpruatog dev 1oxUel MNa Tapddeyua,
¢otw n ouvdptnon f(X)=x* (Ex. 42). loxver f''(x)=12x°
onA. f"(0) =0. Opwg n f dev éxel onueio kapTtAg oTo 0. y=X

|53. Moigg eival o1 mMBavég BEoeig onueiwy KauTG piag ouvaptnong f og éva didotnua A ;

Amrdvinon :
O1 mBavég Béoeig onueiwv KAPTTAG piag ouvaptnong f o’ éva didotnua A ivai:

i) Ta eocwTEPIKA onpeia Tou A ota otroia n f” undevideran .

ii)Ta eowTePIKA onueia Tou A oTa otroia dev utrdpxern " .
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MNa mapddelyua, €0TW N ouvaptnon

3 x<1
f ' )
(x) = {( x_2) . x>1 (Zx. 44)

H f eival dUo @opéc TTapaywyioiun oto R — {1} ME

, X<1
£(x) = . ¢
12( 2%, x>1
‘ETO1 éx0OUME TOV TTAPAKATW TTIVAKA:
X —00 0 1 2 +00
£(%) -0+ ¥ 0 +

f(x) KOIAN KUPTH KUpPTH KUpTN

Emeidin " undevifetal ota onueia 0 kai 2, evw dev UTTAPXEI OTO 1, oI TMBAVEG BECEIG TwV
onueiwv KauTrAg gival Ta onueia 0, 1 kail 2. Opwg, OTTWGS PaiveTal OTOV TTAPATTAVW TTiVAKA KAl OTO
oxnua, Ta onueia 1 kar 2 dev cival BEGEIG anueiwy KAPTAG, agou o’ auta n f dev aAAdlel
KUpTéTNTA, £VW TO onpeio 0 gival B€on onueiou KAPTIAG, a@ou oTo O(0, f (0)) UTTAPXEI EQPATITOPEVN
NG C, kain f o1o 0 aAAGlel kupToTNTa. Mapatnpoudpe AoITTov 0TI aTTd TIG TTIBAVEG BECEIC onuEiwyY
KAUTTAG, B€0n onueiou KauTnG gival pévo 10 0, ekatépwBOev Tou otroiou n " aAAAdel TTpdono.

I MaGoGog Kpithpio : Nwg kataAfjyouue aTo TTOIEG ATTO TIG TNOAVEG BECEIG ONuEiwv .
| KQUTTAG PIag ouvapTnong f ammoteAolv TEAIKA OnuEia KAUTING TG ; 1 -

‘Eotw pia ouvaptnon f opiopévn o’ éva didotnua (a,B) kai x, € (a,p) . Av
e N " aAAGCEI TTPOONUO EKATEPWOEV TOU X, KalI
e opigetal epatrropévn TG C, 010 A(X,,f(X,)),
| TOTE TO A(x,.f(x,)) €ivar onueio kaptig TG C, .

» ‘Eotw pia ouvaptnon f ouvexng o€ €va didotnua A Kal TTapaywyiciyn oTo e0wTePIKS Tou A,
o(Av f eivai kupti oo A) < T’ T o710 eowTEPIKG TOU A.
e (Av f civai koikn oto A) < f' 4 or0 EOWTEPIKO TOU A.

» 'EoTtw pia ouvaptnon f n otroia gival duo @opég TTapaywyioiun ato avoixto didoTnua A.

f"(x,)=0 ,

’ {f " adda el mpo onpo eEKATEP® OV TOL X, = (% Kon o)

e Av n f Tapouaiddel kauTm aTto X, , 1618 f"'(X,)=0.

eAv f"(x,) #0, 167 n f Bev TTAPOUCIGEl KAUTTT OTO X, .

eAv f"(x)#0, yiakdBe X € A, 161€ n f dev TTApouai&lel KauTA a1o A.

e [MBavég Béacig onueiwv KauTTAG €ival ol pifeg NG "' oT0 A.
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2.9 AXYMIITQTEY — KANONEX DE L’HOSPITAL

54. Tote Aépe 6T N eubBeia x = x, gival KATAKOPUPN ACUUTITWTN TNG C,;

(2010, 2015 B", 2020 IN.Z. B")

Atmravinon :

H euBtia x = x, AéyeTal KATAKOPUPN ACUPTITWTN TNG YPOPIKAG TTapacTaong TG f, av éva

TouAdxioTov aTréd Ta 6pia Iim+ f(x), lim f(x) €ival +0 | —o

XX X—>Xq

55. MoT1e Aépe 6T N euBeia Y =1 Aéyetai opigovTia acUPTITWTN TG C, OTO +00 (AVTIOTOIXWG OTO
—o0); (2007,2016 B")

Amravinon :

H euBeia y = ¢ AéyeTal opI{OVTIO ACUPTITWTN TNG YPOPIKAG TTapAoTaong NG f oTo 4o

(avTIOTOIXWG OTO —o0 ), 6TV lim f(x) = ¢ (avTioToiXWG Iir[\ f(x)=10).

56. [1671e n €uBeia y =Ax+p AEyETal AOUPTITWTN TNG YPAPIKNG TTapdoTaong TnG f 010 +o,
QAVTIOTOIXWG OTO —o0 (2004 B’, 2005, 2011)

Atmrdvrnon :

H euBcia y = Ax +p AéyeTal aocUPTITWTN TNG YPAPIKNAG TTapdoTaong NG f 0To +oo, AVTIOTOIXWG OTO
—0, av lim[f(x)-(Ax+B)]=0, avrioToixwg av lir[\ [f(x)-(Ax+B)]=0.

57. Mg 1101EG OX£OEIG (TUTTOUG) BPICKOUME TIGC AOUMUTITWTEG TNG MOPPNAG Y =AX+B;

Amrdavinon :

loxUel TO TTapPaKATW BEWpPnUa :

H eubcia y = Ax +p €ival acUPTITWTN TNG YPAPIKAG TTapdoTaons NG f 0To +4oo, QVTIOTOIXWG OTO

—0, AV KOl JOVO aV |im o _ L eR Kal lim[f(x)-Ax]=B eR,aVTIOTOIXWG : lim ) _ L eR Kal

X+ X x—>-0 X

lim [f(x)-7x] = p R .
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Xpnoiuya oXOAia :

1. AmrodeikvueTal OTI;

—O1 TToOAUWVUNIKEG oCUVAPTAOEIG BABOU peyaAUTEPOU 1 iOOU TOU 2 eV £XOUV OOUUTITWTEG.

. . P(x)
—O1 pNTéG CUVAPTAOEIS
on QM)

800 ToU BABPOU TOU TTAPOVOUAOTH, eV £XOUV TTAAYIEG ACUUTITWTEG.

, M€ BaBuo6 Tou aApIBUNTA P(x) MEYOAUTEPO TOUAAXIOTOV KATA

2.20PQwva Je TOUG TTOPATTAVW OPICHOUG, ACUUTITWTEG TNG YPOQIKNG TTApAcTAONG UIAG
ouvdptnong f avadnroupe:

— 2ZTd AKPA TWV SI0CTNUATWY TOU TTEdIOU OPICUOU TNG oTa oTToia ) f dev opileTal.
— 210 onueia Tou TTediou opiopou Tng, oTa otroia n f dev gival CuvexXng.

—2T0 +00, —00, EPOOOV N ouvAPTNON Eival opiIouévn o€ dIACTNPA TNG HOPPNGS (o, +) ,
QAVTIOTOIXWG (—, ).

Naparnpnosig :

eH C, ptropei va £xel (Eva pévo) KoIvo ONnuEio Je YIa KATOKOPUPN aoUPTITWTA TNG.

eAvn C, éxel opi{OvTIa QOUUTITWTN OTO 400 ] —oo, TOTE N C, Oev £xel TTAGYIO AOUUTITWTN OTO
+00 } —oo avTioTOIXA.

e Av n eubtia (g):y =AX+ B civai acUuTTwtn TNg C, 0TO +00 | —o0, TOTE N (€) HTTOPEI vVa TNV

TEPVEI O€ €va 1 TTEPICCOTEPA ONUEia.

58. Na diatuttwoeTe Ta Bewprjuata Tou de L’Hospital.

Amrdavinon :

OEQPHMA 1°

Av lim f(x)=0, lim g(x)=0, x, eRuU{-x,+x},g'(x) = 0 0t TTEPIOXA TOU X_ UE £§AipEDN IOWG TO X,
X*)XO X*)X

(TreTTepacuévo i atmeipo), TOTE: lim 109 3 lim Fx)
X=X g(x) x»xog(x)

Kal UTTAPXEI TO I|m )
% g'(x)

OEQPHMA 2°

Av lim f(x) = +o, lim g(x) =+w0, X, eRU{-w,+x},g'(x) =0 o€ TEPIOXN TOU X WPE £§aipEDT IOWG TO

X—Xq

X, Kal UTTAPXEl TO Ium f(x) (TreTTepacpévo A atelpo), TOTE: lim ) _ = lim @.
"(x X—Xq g(x) X—Xg g’(x)
ZXOAI0 :
1. To Betpnua 2 10XUE! KAl YIa TIC Joppéc —=, ~2 =%
—0 400 —00

2. Ta mapatmdvw BewpriuaTta I0XUoUV Kal yia TTAEUPIKA OpIa Kal ITTOPOUNE, av XpEeIadeTal, va Ta
EQAPUOOOUE TTEPICCOTEPES POPEG, APKE va TTANPoUVTal o1 TTPOUTTOBECEIG TOUG.
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2.10 MEAETH KAI XAPAZH THY I'PA®DIKHY
HAPAYXTAYHY MIAY YXYNAPTHXHY

59. Me 1n BonrRBcia Twv TTANPOPOPIWV TTOU ATTOKTHOANE PEXPI TWPA, UTTOPOUNE VA XOPAEOUUE TN
YPOQIKN TTAPACTACT UIAG CUVAPTNONG KE IKAVOTToINTIKA akpiBela. H TTopeia TTou akoAouBoupe
AéyeTal peAETN ouvdptnong. Mola BApaTa TTepINaPBAvel ;

Amrdavinon :
10 Bpiokoupe 10 TEdIO OPIOUOU TNG f.
20 E&etaloupe Tn ouvéxeia g f oto 1medio opiopuou TnG.

30 Bpiokoupe TIG TTapaywyous f' kal f'' Kal KATAOKEUAZOUUE TOUG TTIVAKESG TWV TTPOCANWY TOUG.
Me 1n BonBeia Tou TTPooAoU TG f' TTPOCBIOPICOUNE Ta DIACTHHATA HOVOTOVIOG KOl TA TOTTIKA
akpotata TnG f, evw pe T BonBeia Tou TTpoaruou NG f'' kaBopifouue Ta dIACTHANATA GTA OTTOIA N
f eival KUpTA A KOIAN Kal BPICKOUPE TA oNUEIa KAPTTAG.

40 MeAeToUpe TN “CUPTTEPIPOPA” TNG CUVAPTNONG OTA AKPA TWV dIACTANATWY Tou TTEdiOU OpICHOoU
TNG (OPIOKEG TIEG, ACUUTITWTEG, KTA.)

50 2UYKEVTPWVOUUE TA TTAPATTAVW OCUUTTEPACMOTA O’ €va OUVOTITIKO TTiVOKO TTOU AEyETAl Kal
mivakag peraBoAwyv tng f Kkai hye 1n BonBeid Tou xapdoooupe Tn ypagikr TTapdacTtacn g f. MNa
KaAUTepN oxediaon TG C. KaTaokeudldoupe Evav Trivaka TIwy g f.

ZXOAIO :

1) Omrwg gival yvwoTo, av pia cuvdptnon f pe medio opiopou 10 A gival dpTia, TOTE N C, €XEl dgova
ouppeTpiog Tov Gfova y'y, evw av gival TEPITTA, N C, €xEl KEVIPO CUMPMETPIOG TV apxXh Twv
agovwv O. Etropévwg, yia Tn MEAETN WIaG TETOIOG OUVAPTNONG MTTOPOUME VO TTEPIOPIOTOUUE OTA
xeA, M€ x20.

2) Av pia ouvéptnon f civalr mrep1odikn pe epiodo T, TOTE TTEPIOPICOUNE TN HEAETN TNG C, O éva
didotnua TAdToug T.

EOAPMOlEZ

1. Na peretnBsi kot va napactadei ypadikd n suvaptnon f(x)=x* —4x® +11.

AYZH

1. H f éxeLmebio oplopou to R.

2. H f elvol ocuvexng oto R w¢ MOAUWVULKA.
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3. Exoupe

f/(x) = 4x® —12x? = 4x?(x-3).

OLpilegtng f' sivatol x=3, x=0 (SumAn) kat to pdonuod - )(( ) —© 8 g oo
x — — "

¢ O6lvovtal oto &uthavo mivoka, amoé Tov omoio \ /

npoodlopiloupe Ta Staotripato povotoviag kot ta torkd | f(X) -16

, T.E.
oKkpotata.

‘Exoupe eniong
f/(x) =12x* —24x =12x(x-2) .

, , , , X —0 0 2 +00
Oupiteg tng f'" elvar oL x=0, x=2 KoL TO MPOGNKO TNG £7(x) ¥ 0 - 0 +
Slvovtat oto OSuthavo mivaka, amd TOV oOmolo _

' ’ ' ’ ’ £(x) AL My-5 A
npocodlopifoupe ta Staotpata ota omoia n f elval kuptn K. IK

1 KotAn Kot BploKOUE Ta oNUEla KAUTTAG.
4) H ouvaptnon f 6ev €xel ACUUTITWTEG OTO +oo Kal —oo, adoU gival MOAUWVUULKA TETapTtou Babuou.

Eivatopwg:  lim(x* —4x® +11) = lim x* =+0 kot lim (x* —=4x® +11) = lim x* = +o.
X—>+00 X—>—0 X—>—00

X—>+00

5) Ixnuatiloupe Tov mivaka PeETaBoAwv TNG f Kol XapAoooule Th ypadikr mapdotoon tng f.

y
N
X —0 0 2 3 +00 11
f'(x) - 0 - | - o =+
f(x) + 0 - 0 + | +
+oo +o0
£(x) \* N 0 X
S5r-———--
K. -
>.K. -16
T.E.
-16f----------
. o . . x‘—-x+4
2. Na pehetnBsi kat va napactadei ypadpikd n cuvaptnon f(x)= 1
x—

AYXH
1. H f éxeLmedio oplopol to R —{1}.

2. H f eival cuvexng wg pntA.

X2 —x+4)  (2x-D(x-1)-x*+x-4 x*-2x-3
x—1 (x—1)2 (x-12

3. Exoupe f'(x) :(
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OuL pileg tng f' eivat -1,3 kal to MPOONUO TNG

Slvovtat oto Outhavd Tivaka, omd Tov omolo +o

oW
+

f(x + 0 | -
npocdlopiloupe Ta SlaoTAUATA povotoviag Kal Ta )

akpotoTa. f(x) T_id\ \ 5 7/

T.E.
‘Exoupe eniong
£1(0) = (2x-2)(x-1)* -2(x-1)(x* -2x-3) 8
(x-1* (x-1°
H " Sev éxeL pileg kat o mpdonud tng Sivetal oto Suthavo
Tivaka, and tov omoio mpoodlopiloupe Ta SlooTHUATA OTA X | —» 1 +oo
f7(x) _ +

omola n f elval kuptn ) KolAn.

fo | 7Y |\

4) Emedn lim f(x) =+, lim f(x) =-0, n euBeia x=1 elval katakdpudn acvuntwin Ing C, .
x—1"

x—1"
E€etalou e TP AV UTIAPYXEL OTO +co OLOUUTTTWTN TNG LOPPNAG Y = AX+ B . EXOUuE:

) . xP- ,
|Im£=|lmx—x+4=1, onote A=1

X—+0 X x>t Y 2 _ X

2_
Ko 1im(f(x)=x) = lim| X=X\ |2 tim %0, onéwe g=o0.
X—>+00 X—>+00] Xx—=1 X+ ¥ —71

Emopévwg, n euBela y = x elvat aoclumtwtn tng C, OTO +oo.
AvdAoya Bplokoupe O0tLn eubeia y =X glval aoUumtwtn TNG C, KL OTo —oo.

X2 —x+4
x-1

X2 —x+4

Emiong éxouvpe: lim f(x)= lim —o0 Kol lim f(x)= lim +00
X—>—00 X—>—0 X—>+0

X—>+00 X—-1

5) Ixnuatiloupe tov mivaka LETABOAWY TNG f KoL XAPAOOOUE Tn ypadLkr TNG mopaotoon.

Y4

X -0 -1 1 3 +00
f'(x) + 0 - 0
f”(X) _ | _ + | +
S~ | .
(0 = /‘
RN N E i
— —00 T.E. X
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EPQTHIEIZ ZQITOY — AAGOYZ 2°Y KEDGAAAIOY AMO NMANEAAHNIEE 2000 — 2020

1) Av n f eival TTapaywyioiun o1o X, 10Te N f~ €ival TTAvTOTE OUVEXNG OTO X, .
2) Av n f dev gival ouvexng oT1o X,,TOTE N f €ival TTapaywyioiun oTo X, .

3) Av n f €xe1 deuTEPN TTAPAYWYO OTO X, ,TOTE N f* €ival cuvexng oTo X, .

4) H ouvaptnon f pe f'(x) = — 2nux+ + 3, 6tou XG[g,Tr) gival yvnoiwg augouoa oTo

TR

didoTnua auto.

5) Av f'(x) = g’(x) + 3 yia K&Be xeA, 101€ n ouvdptnon h(x)=f(x) — g(x) eivau yvnoiwg ¢Bivouca aTo
A.

6) Av n ouvaptnon f eival Tapaywyioiun oT1o IR kai dgv gival avTiIoTPEWIUN, TOTE UTTAPXEI KAEIOTO
didoTtnpa [a, B] , oto otoio n f IkavoTTolei TIG TTPOUTTOBECEIG TOU BewprpaTtog Rolle.

7) 'EoTw ouvapTtnon f opiouévn kal Tapaywyicipyn oto didotnua [a, B] kal onueio Xeoe[a, B] oTo
otroio n f TTapouciadel TOTTKG PéyIoTo. TOTE TTaVTA 10X UEl OTI f(X0)=0.

8) Av pia ouvdptnon f eivar Tapaywyioiun o' éva onueio X, , TOTE €ival KAl GUVEXAG OTO OnuUEio
auTté.

9) Av pia ouvaptnon f gival ouvexig o' €va onueio X, , TOTE €ival Kal TTOPAYWYICIUN OTO OnuEio
auTo.

10) Av pia ouvdaptnon f eival ocuvexnig o' éva didotnua A kai 1oxvel f/(x) = 0 og KGBE EOWTEPIKO
onueio x Tou A, 161 n f €ival yvnoiwg ¢Bivouca oT1o A .

11) Av pia ouvdaptnon f eival cuvexnig o' éva didotnua A kai ioxvel f(x) > 0 og KGBe eowTePIKO
onueio x Tou A, 167¢ n f €ival yvnoiwg avgouoa oto A .

12) ‘Eotw pia ouvdptnon f ouvexAg oe é€va didotnua A kal d00 QOpPEC TTApaywyioliun oTo
eowTEPIKO Tou A. Av f(X)>0 yia kGBe eowTePIKO onueio X Tou A, T01€ N f €ival KupTtr 010 A.

13) Av uia ouvéptnon f eival kupth oe éva didotnua A, TOTE N €QATITOUEVN TNG YPOQPIKNAG
TrapdoTtaong Tng f o€ k&Be anueio Tou A BpiokeTal «TTAvW» ATIo T YPAPIKY TNG TTOPACTOON.

14) ‘Eotw wia ouvaptnon f opiopévn o€ éva didoTnua A Kail Xg £€va E0WTEPIKO onueio Tou A. Av n f
gival TTapaywyiciygn oTo Xg Kai f'(Xe)=0, 167 N f TTapoucidlel UTTOXPEWTIKA TOTTIKO aKPAOTATO OTO Xo.

15) ‘EoTtw pia ouvdptnon f mapaywyioiun o' éva didotnua (a, B), ye e€aipeon icwg éva onueio Tou
Xo, OTO OTT0I0 OJWG N f gival cuvexng. Av f~ (X) >0 oTo (a, Xo) kal f” (X) <0 o1o (X, B), TOTE TO
f (Xo) €ivail TOTTIKS AGXIOTO TNG f .

16) Av dUo peTaBANTa ueyEdn X, y ouvdéovtal e Tn oxéon y = f(x), étav f gival pia Tapaywyioiun
ouvapTnon OTO Xg, TOTE Ovoudloupe pubud PETABOANG TOU Y WG TTPOG TO X OTO ONMEIO Xo TNV
Tapaywyo f'(xo) .

17) H ypa@ikp Tapdotaocn MPIaG TTOAUWVUUIKAG ouvdptnong Trepittol BaBuol éxel TTAvToTe
opICOVTIa EQATITOPEVN.

18) Av o1 cuvapTioelg f, g €ival TTapaywyicigeg oTo Xq, TOTE N cuvdpTtnon f-g cival Tapaywyioiun
oT0 Xo Kai 1oxUel @ (f-g)(Xo) = ' (Xo) 9" (Xo)
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19) '/Eotw pia ocuvdaptnon f, n omoia eival ocuvexng oe éva diaotnua A. Av f(x) > 0 oe kdbBe
EOWTEPIKO oneio X Tou A, TéTe N f gival yvnoiwg @Bivouca o€ Ao 10 A.

20) Av ol ouvaptAoelg f,g €xouv 01O X, onueio KapTAG, TOTE Kau n h= f - g €xel o10 X, Onueio
KAMTIAG.

21) 'Eoctw dUo ocuvaptioels f, g opiopéveg oe éva diaotnua. Av ol f, g cival ouvexeig oto A Kai
f'(X) = g"(x) yia KABe e0WTEPIKO ONWEIO X TOU A, TOTE UTTAPYXEI OTOBEPA € TETOIA, WOTE yia KABE X €
A va ioxuer: f(x) = g(x) + c.

22) ‘'EoTtw n ouvéptnon f(x) = Jx . H ouvaptnon f eival Tapaywyioipyn o1o (0,+«) Kal IoXUEI

f’(x):%

23) O ouvteAeoTAg dievBuvong A, TG e@amTopévnG oT1o onueio A(Xo, f(Xo)), TNG YPAQIKAG
Tapaotaong C; piag ouvdptnong f, Tapaywyiciung oTo anueio X, Tou TTediou opiopoU TnG eival
A =f'(Xo).

24) ‘Eotw n ouvaptnon f(x) = ouvx , 6mrou x € IR . H guvdpTtnon f cival TrTapaywyioiun kai IoxUEl
f (x) = - npx.

25) ‘Eotw pia ouvdptnon f opiopévn o€ éva didotnua A. Av :
* n f eival cuvexng o1o A kai
* f'(x) = 0 yia k&Be eowTEPIKG ONUEiO X TOU A,
167€E N f €ival oTaBePr o€ 6Ao TO didoTnua A.

26) ‘Eotw pia ouvdptnon f, n omoia €ival ouvexAg o€ éva didotnua A. Av f (x) < 0 og kdaBe
EOWTEPIKO onueio x Tou A, 161€ N f cival yvnoiwg avéouoa og 6Ao 10 A.

27) Ta eowTepIKA onueia Tou dlacTApaTtog A, ota otroia n f dev TTapaywyideral i n Tapdywyog 1Ng
gival ion pe 10 0, Aéyovtal kpioiua onueia Tng f oto didoTnua A.

28) 'EoTw pia ouvaptnon f mapaywyioiyn o’ éva didotnua (a,B) pe e¢aipeon icwg €va onueio Tou
Xo- Av n f gival kupTA oTo (0,X,) Kal KOIAN 0TO (Xo,B) 1 avTioTpOQWG, TOTE TO onueio A(X, f(Xo))
€ival UTTOXPEWTIKA ONMEIO KAPTTAG TNG YPAPIKNG TTapdoTaong Tng f.

29) Av pia ouvaptnon f gival cuvexnig oto KA€IoTO didoTnua [a,B] Kal TTapaywyiociun oTO avVOIKTO
didotnua (a,B) TéTE UTTAPXE! €va, TOUAGXIOTOV, (E(Q,B) TETOIO, WOTE:

o~ 0)-f(@)

B-—a
30)EoTtw ouvaptnon f(x) = epx.H cuvdptnon f eival TTapaywyioiyn oto IR 1=IR. — {x/ouvx = 0} kai
1
ioxvel : T(x) = 5
oLV X

31) loxUel o TUTTOG (3’() =x-3", yiakaBe x € IR .
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f
32) Av ol cuvaptioeig f, g gival TTapaywyiciueg o1o X, Kai g(x,) # 0, 10T€ N cuvdptnon — €ivai
g

(%)= f(x,)9'(x,) = F(x,)a(X,)

TTaPAYwWYicIun OTO X, Kail 1Io0XUEl : (i] .
9 [a(x)]

33) lMa KGBe x # 0 1o UEl [|n|x|] ':%

34) Av pia mpayuatiky ocuvdptnon f dev gival cuvexnig o€ éva ONUEIO X, TOTE eV UTTOPEI va gival
TTapaywyiciun OTO Xo.

35) Av f'(X) = (x—1)*(x—2) yia kGO X € R, 161E TO f (1) €ivar TOTMKSG PéyioTo TN f.
36) Av f'(X) = (x—=1)*(x—2) yia kabe X € R, 16T€ TO f(2) €ival TOTIKG eAGXIOTO TG f.

37) Av éva TouAdayxiatov até Ta 6pia lim f(x), lim f(x)eival += | —e, 107€ N €UBtia X =X,

X—>Xq X—>Xg

AéyeTal opICOVTIO ACUPTITWTN TNG YPAPIKAG TTapdoTtacng Tng f.

38) 'EoTtw f pia ouvdptnon ouvexng o€ éva SIA0TNUO A Kal TTOPAywyioIun O KABe €0WTEPIKO
onueio x Tou A. Av n ouvdpTtnon f €ival yvnoiwg augouca oto A 10T1€ f'(X) > 0 o€ KABe e0wTEPIKO
OnuEio X Tou A.

39) 'Eotw dUo cuvapTtnoels f, g opiopéveg o éva diaotnua A. Av ol f, g ival ouvexeic oto A Kai
f'(xX) = g"(x) yia K&Be eowTEPIKG Onueio x Tou A, T6TE 10XUEl f(X) = g(X) yIa KGBe XEA.

40) 'EoTw n ouvdaptnon f(x) = nux pe medio opiopou 10 R, 161¢ f "(X)= — OUVX, yia KGO XER.
41) O1 TTOAUWVUNIKEG OUVapPTHOEIS BaBuoU HeyaAUTEPOU 1) iCOU TOU 2 £XOUV OCUMTITWTEG.

42) Av pia ouvaptnon f gival dUo @opég Tapaywyioiun oto IR kal oTpé@el Ta KOiAa TTPOG Ta Avw,
161 KOT avdaykn Ba ioxvel: f(x)>0 yia k4Be TTpayuaTtiko aplBuo Xx.

43) Av pia ouvdptnon f eival koiAn o’ éva didotnua A, TOTE n €QATITOPEVN TNG YPOPIKAG
Tapdotaong ¢ f oe kABe onueio Tou A Bpioketal KATw a1rd TN YPAPIKA TNG TTAPAOTACN, ME
e€aipeon 10 onueio ETTAPAG TOUG.

44) Av n ouvdptnon f eivai guvexic oto [0,1], TTapaywyioiun oto (0,1) kai f'(X) #0 yia 6Aa Ta

x e (01), 161 f(0) % f(L).

45) Av pia ouvaptnon f givai
e OuveXNG 010 KAEI0TS didoTnpa [a, B]
e TTAPAYWYIioIUN 0TO avoixTé didoTnua (a, B) Kai

o f(a)=f(B)

TOTE UTTAPXE! £va, TOUAAXIOTOV, & € (a, B) TéTol0, woTe: f (§) = 0.

46) H ouvaptnon f(x) = x> + x+1 éxer pia TouhdyioTov pia aTo (0,1).

47) H ouvaptnon f(x) = x> + X +1 éxel pia akpIBWC pica oo (-1,0).

48) H ouvaptnon f(x) = x> + X +1 éxer Tpeic TpayHaTIKES PICEC.
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49) ‘Eotw ouvdptnon f ouvexng o€ €va dIACTNUA A KAl TTOPAYWYICIUN 0TO ECWTEPIKO Tou A. Av n f
gival yvnoiwg augouoa oTo A, TOTE N TTAPAYWYOS TNG OEV Eival UTTOXPEWTIKGE BETIKI) OTO ECWTEPIKO
TOU A.

50) loxuver:  (ouvx) = nux, X e R.
51) Av f(x) = o, a > 0, T6T€ 10YVel (0¥) ' = xa* " .

52) MNa k&Be ocuvaptnon f mapaywyiciyn o’ éva didoTnUa A Kal yia KaBe mpayuatiké apiBuo c,
1ioxver 6T (cf (X)) =f'(x), yia k@b x € A.

53) Av yia TIG TTapaywyioiyeg oto R ouvaptioeig f,g 1oxoouv f(0)=4, f'(0)=3, f'(5)=6,
9(0)=5, 9'(0)=1, g'(4) =2, 1618 : (f 2 0)(0)=(g9° f)'(0)
. ; \ . , . P(x) .
54) ‘Eotw P(x), Q(x) ToAuwvupa didgopa Tou undevikou. O1 pnTéG CUVOPTATEIG m ME BaBud
X
Tou apiBunTh P(X) HeyaAUTeEPO TOUAAXIOTOV KATA dUO TOU BaBPoU TOU TTAPAVONAOTH], £XOUV TTAAYIEG
ACUMTITWTEG.

1

55) MNa kaBe xe Ry= R—{x/ouvx=0} 1oxUer: (edX)' = — 5
oLV X

56) Kd&Be ocuvdaptnon f Tmou eival ouvexXg o€ éva onueio X, Tou TTEdioU OpIoHOU TNG €ival Kal
TTapaywyioiun oTo onueio auto.

1

2

nux

57) loxoer : (odx)’ =

, XER — {x / nux # 0}
58) Av uia ouvdpTtnon f dev gival cuvexng o€ £va onuEio Xy, TOTE BEV UTTOPEI VA €ival TTapaywyioiun
OTO Xp

59) Av duo ocuvaptioelg f, g eival opiopéveg Kal ouvexeic oe éva didoTnua A Kal IoXUEl OTI
f'(x) = g’(x) yia KGBe eowTePIKG ONuEio X Tou A, TOTE Io0YUEl TTAvVTA f(X) = g(X) YO KABE XoEA

60) 'Eva TOTTIKO PEYIOTO PTTOPE va gival JIKPOTEPO aTTO €va TOTTIKO EAAXIOTO.

61) ‘Eotw pia ouvaptnon f mapaywyioiun o€ €va didotnua (a, B), Y e€aipeon icwg éva onueio Tou
Xo, 0TO OTT0i0 OpWG N f gival ocuvexng. Av f(x) > 0 oto (a,Xg) Kai f'(x) < 0 0TO (X0, B), TOTE TO f(X0)
gival Totmkd péyiorto Tng f

62) lNa duo oTroIEa®ATTOTE CUVOPTACEIS f, g TTAOPAYWYICIUEG OTO Xq IOXUEI :

(F - 9) (o) = F'(X6)a(Xo) — F (X4)g"(Xo)

63) Av pia ouvaptnon f ival TTapaywyioiun o’ éva onueio X, Tou Tediou oplIopoU TNG, TOTE Eival Kal
OUVEXNG OTO onueio auTo.

64) 'Eotw pia ouvdaptnon f ouvexng o’ éva diIdoTnua A Kai TTapaywyiciun 010 E0WTEPIKO Tou A. Oa
Aépe Oti: H ouvdptnon f otpé@el Ta KoiAa TTpog Ta Avw 1 gival KupTr oTo A, av n f* gival yvnoiwg
@Bivouca oTo E0WTEPIKO TOU A.

* * 1
65) H ouvépmon f(x) = In |x|, x € R” eivar Tapaywyioiun oto R kar ioxver : (Inx|)' ==
X
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66) Av n f gival dUo @opéc TTapaywyioiun kair kupT oto A 161 f"(X) >0, yia KdBe e0wTEPIKO
onueio x Tou A.

. f(x
67) Av lim f(x) =0 kai lim g(x) =0 ka1 umdpxel To lim (9 , 6TIoU X, € R U {00,400} TOTE :

X=X x>% ’(X)

100 _ iy £
=X g(x) =% gi(x)

68) Av A(X,,f(X,)) eival onugio KauTmg TNG ypagIkng TrapdoTaong tng ouvdptnong f, kai n f

eival duo popég Trapaywyioiun, 1ot f(x,) =0.

69) YTdpxel TTOAUWVUUIKN ouvapTnon BaBpol peyaAUTEPOU 1) iCOU TOU 2, TNG OTTOIAG N YPAQIKA
TTapaoTacn £Xel ACUPTITWTN.
70) K&0e ouvaptnon f, yia v omoia 1oxuel f'(X) =0 yia kdBe x e (a, X,) U (X,, B), €ival oTabepr)

010 (&, X,) U (X,, B) -
71) YTapxel TTOAUWVUMIKN ouvdapTnon Babuol v > 2, n otroia £xel aoUPTITWTN.

1
72) Av f(X)= |n|X| yia kaBe X = 0, tote f'(X) = H yia KGBe X = 0.

X
73) MNa k&Be ouvdptnon f : R — R Tou cival TTapaywyioiun Kai dev TTapouaidlel akpdTaTa, I0XUEI
f'(x) #0 yia kabe X € R.

74) Av n ouvdaptnon f mapaywyi¢etai oto [a,B] ue f(B) < f(«), T0TE UTTAPXE! X, € (a, B) TETOIO,
wote F'(x,) <0

75) H eubeia x =1 civar kataképuen acUUTITWTN TNG YPAPIKAG TTOpACTOONG TNG ouvdaptnong
x? —3x+2

T0="="

76) ACUUTITWTEG TNG YPAPIKAG TTapdaTaong piag ouvaptnong f avadnrolpe pévo ota onueia Tou
Tediou opIopoU TnG, oTa otroia n f Oev gival ouvexAg.

77) MNa k&Be TTapaywyioiyn ocuvdptnon f oe éva didotnua A, n omoia gival yvnoiwg auvgouoa,
loxvel f'(x) >0 yiakdBe xe A.

78) Ta ka@Be ouvexn ouvaptnon f :[«, ] — R, n omoia civar Tapaywyioiun oto (a, ), av
f(a) = f(p), 161€ UTTAPXEI aKPIBWG éva & € (a, F) TéTolo woTe f'(£)=0.

79) Aivetan 611 n ouvdptnon f Tapaywyidetal oto R Kal 6Tl N ypa@ikA TG TTapdaTacn gival TTavw
a1rd ToV Ggova X'X. Av UTTAPXEl KATTOIO ONnuEio A(XO, f(xo)) ¢ C,, Tou oTroiou n amdéaTaoN ATO
Tov Ga&ova x'Xx eival péyiotn (A eAaxioTn), T0TE 0 autd TO Onueio n epamTopévn Tng C, eival
opICovTIa.

80) Av uia cuvdptnon f eival ouvexng oto [a,B], Tapaywyioiun oto (a,B) ki f'(x) =0 yia k&6e

x e (a,f), 101 f(a)= f(B).
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AMNANTHZEIZ EPOQTHIZEQN ZQ3TOY — AAOOY2 AMNO NMNANEAAHNIEZ 2000 — 2020

2° KEGAAAIO

DA 2)A 3)T 4)T 5A 6)L 7)A 8)T DA 10A 11T 12)Z 13)A 14)A 15)A
16) 17)A 18)A 19)A 20)A 21)Z 22)A 23)X 24)T 25) 26)A 27)Z 28)A 29)
30)Z 31)A 32)A 33)T 34)L 35A 36) 37)A 38)A 39A 40)A 41\ 42)A
43)\ 44)T 45)L 4B)\A 47)T 48)A 49) 50)A 51)A 52)A 53)T 54)A  55)A
56)A 57)A 58)Z 59)A 60)X 61)L 62)A 63)X 64)A 65)L B66)A 67) 68)T 69)A
70N 71N 72)A 73)A 74)T 75A 76)A 77)A 78)A 79)T 80)

IZXYPIZMOI & ANTINAPAAEICMATA

BAZIMENA 2TO ZXOAIKO BIBAIOTIATO OGEMA A”

1. OcwpAOTE TOV TTAPAKATW ICXUPICHO : (2017)
«Kd&Be ouvaptnon n oTroia gival CUVEXAG OTO X, TOTE €ival Kal TTAPAYWYiOIUnN OTO ONUEIo

auTo».

a. Na XapoKTnEIioeTe TOV TTAPATTIAVW I0XUPIOPG YPAYOVTOG OTO TETPAdIO 0aG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoeTte TNV aTdvinor 0ag OTO EPWTNUA d. (Movadeg 3)
Atrdvrnon :

a ¥

B. Eotw n ouvaptnon f(x)=|x|. H f eivai ouvexng oto x,=0, aAAd &ev eival
TTapaywyioiyn o’ auto, agou

lim 2= FO) ;X

221 v
ot X=0 x=0 X Evw,
. f)-1(0) .. -
|ImM:|Im—X:—1
-0~ X-=0 x-0 X

MapaTtnpoupe, dnAadr], 0TI yia cuvapTtnon f utropei va gival cuvexnig o’ éva onueio x,
XWPIG va gival TTapaywyioiun o’ auTto.

O
Hy
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2. OewpnaoTe TOV TTAPAKATW ICXUPIOUO : (2019)
«Ma k&Be ouvaptnon f opiopévn o€ éva didotnua A = (—o,X,) U (X,,+®) HE:
e OuveXNG oTo A Kal
o f(X)=0vyia kKdBe cOWTEPIKO ONUEio TOU A,
T07€ N f €ival oTaBepr) o€ OGN0 TO didoTnUa A».
a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPICPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrioete TNV atTdvTnon 0ag OTO EPWTNHA d. (Movadeg 3)
Arrdvrnon :

o ¥
B. O mmapatrdvw 1IoXuUpIouog 1oxuel 6Ttav n f gival opiopévn oe didoTnua Kai OxlI o€ évwaon
dlaoTnudaTtwy. MNa mapdadeyua, €0Tw N ouvapTnon

-1, x<0

f(x)=
1,x>0

Mapatnpoupe 611, av Kai T '(X) =0 yia kdBe X € (—oo, 0) U (0,+0) , gvioUToig n f Oev
eival otaBepr) oto (—0,0) U (0,+x) .

3. OewpnoTe TOV TTAPAKATW ICXUPICUO : (2020 N.%.)
«EoTw pia ouvaptnon f, n otoia gival ouvexng o€ éva diaotnua A. Av n f gival yvnoiwg
augouoa o€ OAO To A TOTE UTTOXPEWTIKA 1I0XUEl T(X) > 0 0€ KABE ECWTEPIKO ONUEIo TOU
A».

a. Na YXapoKTnPioETE TOV TTAPATIAVW IOXUPIOKO ypA@ovTag OTO TETPAdIO OOG TO

ypaupa A, av givar AANBRig, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV amTdvTnon 0Aag OTO EPWTNHA d. (Movadeg 3)
Atrdavrnon :

o ¥
B. Av n f gival yvnoiwg augouoa (avtioToixwg yvnoiwg @Bivouoa) o1o 4, n mapdywyog g
O¢gv gival UTTOXPEWTIKA BETIKN (AVTIOTOIXWGS OPVNTIKI) OTO ECWTEPIKO Tou A.

Ma mapddeyua, n ouvapton f(X)=x%*, av kai ivar yvnoiwe atéouoa oto R, eVioUToIC
éxel mapaywyo f'(x)=3x* n omoia dev eival BTk o€ dAo 10 R, apou f'(0)=0. loyue
opwe F'(X) 20 yia kape X € R .
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4, OewproTe TOV TTAPAKATW ICXUPICHO :
«'Eva TOTTIKO YEYIOTO dEV PTTOPEI va gival HIKPOTEPO ATTO £va TOTTIKO EAAXIOTO.

a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPIOPO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrnoete TNV atrdvTnonf 0ag OTO EPWTNHA d. (Movadeg 3)
Atrdvrnon :

a ¥

B. Eva TOmMKO WPEYIOTO JTTOPEI va €ival MIKPOTEPO aATTO €va TOTKO eAdyioTo. [la
TTAPAdEIYUA, OTO TTOPAKATW OXNUA TTAPATNPOUME OTI TO TOTTIKO PEYIOTO OTNn Béon X, E€ival

MIKPOTEPO ATTO TO TOTTIKO EAAXIOTO OTn Béon X, .

Ya

Xy

/0

5. O@ewpnoTe TOV TTAPOKATW ITXUPICUO :
«To PeyaAUTEPO ATTO TA TOTTIKA PEYIOTA PIAG CUVAPTNONG €ival TTAVTOTE TO PEYIOTO
QUTAGY.

a. Na YXapoKTnpioeTe TOV TTAPATIAVW IOXUPIOPO YpA@ovTag OTO TETPAdIO OOG TO

ypaupa A, av gival AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoynoete TNV aTAvINO 0AG OTO EPWTNHA d. (Movadeg 3)
Arrdavrnon :

a ¥

B. To peyaAUTepo ammd Ta TOTIKA PEYIOTA Miag ouvdptnong Oev gival TTAVTOTE HEYIOTO
auTng. Auto emBeBalLOVETAl OTO TTAPAKATW OXNUA OTTO TO OTTOI0 TTAPATNPOUNE OTI OTN
Béon X3, av Kal €XOUME TO PEYOAUTEPO OTTO TA TOTTIKA WEYIOTA, OEV €ival TO PEYIOTO TNG

ouvapTNoNG agou XIirp f(X) = +o0.

Y

Xy




6. OewpnoTE TOV TTAPAKATW ICXUPICHO :
«lNa kdBe ouvaptnon f opiopévn Kal TTAPAYWYIoIKN 0TO R, AV yIa KATTOI0 X, € R 10XUE

T(X,) =0 167€ 10 X, €ival UTTOXPEWTIKG BEON TOTTIKOU aKPOTATOU TNG f».

a. Na XapoKTnEIioeTe TOV TTAPATTAVW I0XUPIOPO YPAQYOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na aimloAoyrnoete TNV atrdvTnonf 0ag OTO EPWTNHA d. (Movadeg 3)
Arrdvrnon :

a ¥

B. MNa mapadeiyua, n ouvaptnon f(x) = x*, N oTToia €ival CUVEXNG Kal TTOPAYWYiOIun OTO

R ue mapaywyo f'(x)=3x* . H pifa Tng Tapaywyou eivai To 0, SnAadh F(0) = O .
EvTouToig, 6TTwG @aiveTal 010 oXrua 1o onueio 0 dgv gival B€on TOTTIKOU akpoTATOU TNG f.

7. O@ewpnoTe TOV TTAPAKATW IOXUPICUO :
«EoTw pia ouvaptnon f ouvexng o€ éva didoTnua A kai dU0 QOPEG TTApPAYwYicIun OTO
eowTepikd Tou A. MNa k&b ouvaptnon f kuptA oTo A 1oxUel f'(X,) >0 yia kaBe
EOWTEPIKO ONUEIO X TOU A».

a. Na XapoKTnNEIioETE TOV TTAPATIAVW IOXUPIONO YPAPOVTOG OTO TETPAdIO 0AG TO

ypaupa A, av gival AANBRig, f 1o ypauua W, av civar Weudig. (Movada 1)
B. Na aimloAoyrnoete TNV aTdvinon 0Ag OTO EPWTNHA d. (Movadeg 3)
Arrdavrnon :

a W

B. MNa Tapédeiypa, éotw n ouvaptnon f(x) =x* Emeadi n f'(x) = 4x® eivar yvnoiwg
aufouoa ato R, n f(x) = x* eival kupTr oTo R . EviouToig, n f"'(x) dev eival BETIKA OTO
R,apou f'"(0)=0.
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8. OewpnoTe TOV TTAPOKATW ITXUPICUO :
«Av pia ouvapTnon f eival duo YopES TTapaywyiciun Kai IoXUEl f ”(Xo) =0, to1e TO

onueio A(Xo, f (Xo)) €ival UTTOXPEWTIKA onueEio KaPTAG TNG f ».

a. Na YXapoKTnpPioeTe TOV TTAPATTAVW IOXUPIOPO ypAQovTag OTO TETPADIO COOG TO

ypaupa A, av givar AANBRg, f To ypauua W, av givar Weudnig. (Movada 1)
B. Na airloAoyrnoeTe TNV aTdvTnon 0AG OTO EPWTNHA d. (Movadeg 3)
Amdvrinon :
o ¥
yt
B. Eotw n ouvdpmon f(X)=x* (Ex. 42). loyvel
f"(x)=12x* dnA. f"'(0)=0. Opwc n f dev éxel onueio
KAuTTAS oTO O. y=x
) X
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KE®AAAIO 3° : OAOKAHPQTIKOZ AOlZMOZ

3.1 AOPIXTO OAOKAHPQ2MA

60.TI ovopdloupe apxIKA piag ouvdaptnong f o€ éva didoTnua A;

Amrdavrinon :

ApXIKAQ ouvdpTnon n rapdyouoca Tng f oto A ovopdloupue kKGBe cuvapTnon F TTou ival
Tapaywyioiun oto A kai 1oxUel: F'(x) = f(x) , yia kGBe x € A.

ZXOAIA :

ATtrodeikvueTal OTI KABE ouvexnG ouvapTnon o€ didoTnua A £xel TTapdyouca oTo dIdoTANA auTo.

61. Oswpnua (2001 B', 2003, 2015 B")

‘EoTtw f pia ouvéptnon opicuévn o€ éva didotnua A. Av F gival pia mapdyouoa 1ng f o1o A, va

QATTOOEIEETE OTI :

e OAeg o1 ouvaptoeig NG Hopeng G(x) =F(x)+c, ¢ eR ,cival Tapdyouoeg TngG f oTo A .

e K@Be aAAn Tapdyouca 6 Tng f oto A mraipvel Tn popenry 6(x)=F(x)+c, ceRr.

Amrodeién :

e Ka@Be ouvaptnon g popenig 6(x) =F(x)+c, 6tmou c eR, cival yia TTapdyouoca TngG f a1o A,

aqpou

G'(x)=(F(x)+c) =F'(x)=1(x), yia kGBe x e A.

¢ EoTw G gival pia AN Trapdyouca TnG f oto A. ToTE , yia KABe x € A 10XU0OUV 01 OXETEIG
F'(x) = f(x) ka1 6'(x) =f(x), omore :6' (x) =F'(x), yia k4B x € A. Apa UTIApxEl 0TABEPA ¢ TETOIA,

WOoTE 6(x)=F(x)+c, YIO KABE x € A.

MNaparnpnosig :

Av uia ouvdptnon f gival cuvexnig oe éva didotnua A, 161 N f £xe1 TTapdyouoa oTo didoTNUA
auTo.

To avtioTpo®o TG TTapatTtédvw TTPdTacong dev I0XUEL, DIGTI UTTAPYXOUV OUVAPTACEIG TTOU OV gival
ouvexeic oe éva didotnua A, aAAd €xouv TTapdyouca oTo dIACTNHA AuTO.

2xm1£—auv1 , X=0
X X

MNa mapddeiypa n ouvaptnon f(x) = Oev eival ouvexng, aAAd éxel

0 ,X=0
1
X’nu=,x=0
apdyouca oto R v F(X) = 77'ux
0 ,x=0

Av pia ouvaptnon f dev éxel Tapdyouoa o€ €va diaoTnua A, 161e n f dev gival ocuvexng oto
didoTnua auTo.
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62. lMivakag Twv TTapayoucwyV BacIKWY CUVOPTATEWV.

Atmdvrnon :
2uvapTnon Mapdyouca
f(x)=0 F(x)=c,ce®R
f(x)=1 F(X)=x+c,ce®R
f(x)=l F(X)=In[x+c, ceR
X
Xa+1
f(x)=x" F(x) = +c,ceR, a=-1
a+1

f (X) = ocowvx F(X)=npux+c,ce®R
f (X) = nux F(X)=—ocvvx+cC,ceR

f(x)= 12 F(X)=egx+cCc,ceR

oLV X
1
f(x)= — S
(x) X F(X)=—o¢x+C, ceR
f(x)=¢e" F(x)=e*+c,ce®R
f(X)=a” F(x)= Y ic,cenm
Inox
ZxOAia :

¢ O1 TUTTOI QUTOU TOU TTiVOKQ I0XUOUV 0€ KAOE dIGOTNHA OTO OTTOIO Ol TTAPACTACEIG TOU X TTOU
eP@avifovtal £xouv vonua.

¢ Av ol cuvapTAoeig F kai G gival Trapdyouceg Twy f Kal g avTioToixwg Kal o A gival évag
TIPAYHOTIKOG apIBUOG, TOTE :

i. Houvdptnon F+G gival pia Tapdyouoa tng cuvaptnong f+g

ii.  Houvaptnon AF gival pia Tapdyouca Tng ouvapTnong Af.
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3.4 OPIZXMENO OAOKAHPQMA

63. Na dWOETE TOV OPICUO TOU OPICHEVOU OAOKANPWHATOG MIOG OUVEXOUG cuvapTnong f o€ éva
KA€I0TO didoTnua [a,B].

Atmrdvrnon :

‘EoTw pia ouvdptnon f o u v € x | ¢ 010 [a,p]. Me Ta onueia '

=X, <X <X, <.<X =B Xwpifouye TO diIdoTNUA [a,p] OE V Y

ICOUNKN  UTTOSIOOTAUATA  WUIKOUG Ax=B_Ta. 3TN ouvégela °Fe R 3 -
emAEyoue auBaipeTa €va

& elx ,.x], yia KG@Bex e(1,2,...,v}, Kal oxnuaTi¢oupe TO dbpoioua

S, = (& )Ax +f(E,)Ax +---+ f(§ )Ax +---+f(§ )AX TO omoio oupBoAideTal, oUvTopa, WG €§AG:

S, = élf(é’;K)Ax .

To opio Tou aBpoiouatog S, , dnAadr 10 Iim(i f(ék)Ax) UTTAPXEI OTO R Kal €ival avegdpTnTo ATTO
Voo \ k=1
TNV €MAOYA TWV EVOIGUEOWY oNnueiwy & . To TTapamavw Oplo ovopdaleTal opICHEVO OAOKANPpWUA

NG ouvexoU¢ ouvaptnong f atmod To a o1o B, cupBoAiletal pe [P f(x)dx kai SiaBageTal “oAoKARPWUA

¢ f amé 1o a o1o B”. AnAadA : |2 f(x)dx = m\o(ilf(ik)ij

ZXOAI0 :
eTo ouuBoAo j ogeiAeTal oTov Leibniz kai ovoudletal oUpuBoAo oAokArjpwaong. AuTO eival
ETIMAKUVON TOU apxIkoU ypdupatog S Tng Aééng Summa (dBpoicpa). O1 apiBuoi a kai B
ovoudadovtal 6pia NG oAokAfpwaong. H évvola “6pia” edw dev £xel TN idla évvola TOU opiou Tou
20U Ke@aAaiou.
8
e 3TNV £KPpaon _[ f(x)dx 1O ypaupa x gival yia YETOBANTA KAl PTTOPEI va AVTIKATAOTAOEI e

I B
otrolodnTroTe  GAAO ypduua. ‘ETal, yia  TTapddelyua, Ol EKQPAOEIS If(x)dx, jf(t)dt

OupBoAiouv TO 610 OPIoHEVO OAOKANPWHA Kal gival TTpayUATIKOG apIBUOG.

CeEWUETPIKA EPUNVEIA 0PICUEVOU OAOKANPWUATOG :

Av f(x)>0 yia kd0e x €[a, 8], T0TE TO OAOKAfPWHa 7 T @

s =f
_[ f (x)dx divel To eyBaddv E(Q) Tou xwpiou Q tou y(\(y\/\/.\l

TTEPIKAEIETOI ATt TN yPO@IK TTapdotaocn Tng f Tov
afova X'X kal TIG euBtieg X=a Kal X= L4 (Zx. 11).

ANAGEH : jﬂ f(x)dx = E(2).

EtTopévwg,

Q

|
|
|
|
|
|
|
:
O o g X

AV (020, tote E(Q)=[ f(x)dx>0.
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64. Na ypAeTe TIC 1816TNTEC Tou OAoKANpwaTog [P f(x)dx .

Armravrnon :

a) loxuel o011 :
o [P F(X)dx = [ f(x)dx
o[ f(x)dx=0
«Av f(x) >0 vyia K40t x e[a,B] , 10T [Pf(x)dx >0.
B) Eotw f,g ouvexeig ouvapTnoElg OTO [a,B] KaI A,pu e R. TOTE 1I0XUOUV:
o [P2f(x)dx = 1[Pf(x)dx
o [PLf(x)+g(x)1dx = [P f(x)dx + [P g(x)dx kan yevika
o [PIMF(x)+pg(x)1dx = 1[ P F(x)dx +puJ P g(x)dx
y) Av n f c¢vai ouvexqg o Odidotnpa A kKal  a,B,yeA, TOTE IOXUEI
[7f0odx =[" £ (dx+ [ £ (x)dx
a a Ve
Mo Tapadeyua, av Jj f (x)dx =3 Kal j: f (x)dx =7 , TOTE

[ £o0ax=[ £dx+ [} £ (x)dx=— [ f ()t [ F(x)dx=—-3+7=4.

Znueiwon : y @
Av f(x)>0 kal a<y<pB (Zx. 13), n Tapatrdvw 1816TNTA
dnAwver omi: E(Q) =E(Q,)+E(Q,)

agou E(Q,) :_E f(x)dx, E(Q,)= Lﬁ f(x)dx (0 2

car B(Q) = [ ﬁ f (x)dx.

0) ‘Eotw f yia ouvexAg ouvaptnon o éva didotnpa [a,f]. Av f(x) >0 yia KGBe x e [a,B] KAl N

ouvdptnon f Sev gival TavTou pndév oTo diIdoTnua autd, T6Te [P f(x)dx > 0 ..

’ 'l ©
g) Av ¢>0, 161 TO J. cdx ek@pdlel 10 euPadov evdg y=c
opBoywviou pe Bdon F —a kai UYog ¢ (Zx. 12). i i
AnA. Iﬂcdx:c(ﬂ—a). : : -
a (0] o s X
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3.5 HXYNAPTHZH F(x)=| f(t)dt

65. EoTw F(x):_|.X f(t)dt ,xeA ,omou f eival ouvexAg ouvaptnon oTo didoTnua A. lMoia

givarnoxéontng F petnv f ;

Armravrnon :

H ouvaptnon F(x) = J.X f(t)dt ,xeA, gival ouvexng Kai gival pia Trapdyouca tng f oto A.

OEQPHMA (OgpeAitwdng Bswpnua Tou oAokAnpwTikoU Aoyiouou) (2002, 2008 B, 2010, 2013)

66. EoTtw f pia ouvexng ocuvdptnon o’ éva didotnua [o,B]. Av G gival pia Tapayouoa tng f oto
[a,B], va amodeigete 61 : [P f(1)dt = 6(B) - 6(ar)

Amrodeién :

2UPQWVA PE YVWOTO Bewpnpa, n ouvaptnon F(x) = [Xf(t)dt €ival pia rapdyouca g f 010 [a,p].

Eteidn kai n G gival pia rapdyouca NG f 010 [a,p], Ba uTTdpxel € € R TETOI0, WOTE :
6(x)=F(x)+c. (1)
ATIO TV (1), via X = o, €XOUHE G(a) = F(a) + ¢ = [ f(+)dt +c = ¢, OTIOTE ¢ = 6(a).

Emopévwg, 6(x)=F(x)+6(a), omoTe, yia x =B, EXOUME : 6(B) = F(B) +6(a) = [*f(1)dt +6(a)

kai Gpa [P f()dt = 6(B)-6(a) .

67. Na ypawete Toug TUTTOUG TNG TTAPAYOVTIKAG OAOKApWONG KAl TNG AVTIKATAOTACNG YIO TO OPICUEVO
OAOKAApWUA.

Amrdavrinon :

a) loxUer 61 : [P £(x)g'(x)dx = [f(x)g(x)]1? — [ f'(x)g(x)dx, éTToU f',g' eival Cuvexeig CUVOPTATEIG

oT0 [o,B].

B) loxuel 611z [ f(g(x))g'(x)dx = ju“f f(u)du, 6mou f,g’ €ival ouvexeic CUVOPTATEIS, u = g(x),

du=g'(x)dx kai u, =g(a), u, =g(B).
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3.7 EMBAAON EINIIIEAOY XQPIOY

68. Na ypdawete TOoV TUTTO TTOU Oivel TO eUBaddv Tou ywpiou Q TTOoU opiCeTal aTTO TN YPAPIKA
TTapdoTacn Tng f, TIG euBeieg x=a, x =B Kal TOV dgova x'x, OTav f(x) >0 yIa KABE x €[o,B] KAl N
ouvapTtnon f gival cuvexne .

Amravrinon :

Av uia cuvaptnon f eival ouvexng o€ éva didoTnua [o,p] Kal f(x) > 0 yia KABe y=t9
x e [a,B], TOTE TO EYRABOV TOU Xwpiou Q TTOU OpifeTal ATTO TN YPAPIKA
TapdoTacn Tng f, TG euBeieg x =a, x =B Kal Tov dfova x'x gival

E(Q) = [*f(x)dx..

Q

69. Na ypdawete Tov TUTTO TTOU Oivel TO €UPAdOV Tou xwpiou Q TTou TTEPIKAEIETAI ATTO TIG YPAPIKES
TTapaoTAoelg Twv f,g TIG €uBeieg x=a, Xx=p, O0TaV f(x)>g(x)>0 yia KAOE xe[a,B] Kal O
ouvapTnoEIg f, g €ival CUVEXEIG.

Armravrnon :

‘EoTtw duo ouvexeic ouvaptioeig f kai g, oto didotnua [, ] ve f(X)>g(X)>0 yia kabe
X €[a, ] ka1 Q 1o xwpio TTou TrEPIKAEIETAI ATTO TIG YPAPIKES TTapaoTaoelg Twv f, g kal Tig gubeieg
X=qa kal X= 4 (Zx. 18a).

Y= g y=t() ’

* 3 ! y=9()

y=9(x) ! | i
1 ! : | I

Mapatnpotpe 611 E(Q) = E(Q,)~E(Q,) = [ f(x)dx— [ g(x)dx= [ (f (x) - g (x))x .

Emopévuwg, E(Q)= ﬁ (F(x)—g(x))dx.

70. Na atrodeiete 611 av yia TIG ouvapTAoelg f,g €ival f(x)>g(x) yia KGBe x e[a,B], TOTE TO
eMPadov Tou xwpiou Q TTOU TTEPIKAEIETAI ATTO TIG YPOAPIKEG TTAPACTACEIG TwV f,g KaI TIG EUBEIEG

x=o ,x=p diveral ammé Tov T0T10: E(Q) = [P (f(x) — g(X))dxX .

ATodeIEn :

ETreidry ol ouvapTioelg f,g gival Ouvexeig oTo [a,B], Ba UTTAPXEI APIBUOG ¢ € R TETOI0G, WOTE
f(x)+c>g(x)+c>0, yia KaBe x € [a,B]. Eival pavepd 611 TO0 xwpio Q (Zx. 20a) éxel 10 id10 euRaddv
ME TO Xwpio Q.
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g 4

y=Ff(x)+c —
«oQ
o I
| A

I y=g()+c

a \c; B X a o V3 x

y=g(x)
(@) @)

Emopévwg, Ba €XoUE: E(Q) = E(Q) = [P[(F(x)+c) - (g(x) + c)Idx = [*(f(x) - g(x))dx - ApA
E(Q) = [2(f(x) - g(x))dx .

71. Na armrodeigete 011 0TAV N dlapopa f(x)—g(x) dev dlatnpei oTaBEPO TTPOONMO OTO [a,B], TOTE TO
eMPBadov Tou xwpiou Q TTOU TTEPIKAEIETAI ATTO TIG YPAPIKEG TTAPACTACEIG TwV f,g KaI TIG EUBEiEG
X =0 KOl x=p €ival i00 PE E(Q) = [°| f(x)-g(x) | dx -

Aodein :

Otav n diagopd f(X)—g(x) dev diatnpei oTaBepd TPSONUO OTO
[, ], 6T oTo Zxrpa 23, 1é1E TO €PRAdOV TOou Xwpiou Q TTOU

TTEPIKAEIETAI ATTO TIG YPOPIKES TTapacTacels Twy f,g kal Tig gubeieg

X=a kal X= [ €ival i00 he TO ABPOIoUA TWV EURADWY TWV XWPIwWV
Q,,Q, kar ,. AnAadn,

E(Q) = B(€) + E(Q,) + E(@,) = [/ (00~ g00)dx +[ (900 - () [ (F ()~ g (x)x

=11 00=g01dk+ [ TT00=g00 | dee+ [T 00 -9 1dx = [°1 £ (00~ g0 dx

ETropévwc, E(Q):jf| f (x) - g(x)] dx

2XOAI0

O‘a \_/ \‘x

p
ZOPQWVA PE TA TTAPATIAVW TO I f(X)dx eival ioo pe 10 GBpoICUa TWV

EURABWV TWV XWpPiwv TTou BpiokovTal TTavw aTrd Tov afova XX ueiov 10
dbpoicua Twv EPRAdWY TwWV XWpIiwv TTou BpiokovTtal KATw atrd Tov afova
XX (Zx. 25).

72. Na atrodeifere 611 TO €uPAdOV Tou Xwpiou Q TToU TrEPIKAEIETAI ATTO TOV Afova x'x , TN YPOAPIKI)
TTAPACTACT HIOG OUVAPTNONG g, ME g(x) <0 yIa KABE x e [a,B] Kal TIG EUBEIEG X =a KAI X =P €ival

ioo pe: E(Q) = -[g(x)dx

ArédeIdn : y D)
Mpdyparti, eTTeId 0 Aovag x'x gival N ypa@Ik TTapdcTacn TnG ouvapTnong o B
f(x) = 0, éxoupe E(Q) = [1(f(x)-g(x))dx = [}[-g(x)ldx = ~] g(x)dx . N
Etropévwg, av yia pia ouvaptnon g 1oxuel g(x) <0 yia KABe x e [a,B], TOTE: /\/y;(x)

E(Q) = [ g(x)dx
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EPQTHEZEIZ ZQXTOY — AAOOYZ 3°Y KEQAAAIOY AMO NANEAAHNIEE 2000 — 2020
1) Av Iﬁf(x)dx >0 , 70T KOT avaykn Ba gival f(x) > 0 yia k&be xe[a,B].

2) Av f, g eival dU0 ouvapTAOCEIG e TUVEXA TTPWTN TTAPAYWYO, TOTE I0XUEL:
B , Be,
[[100-9" () dx = [f0) g00L — [ () 90) dx.
3) '‘Eotw f pia ouvexng ouvapTtnon o’ éva didotnua [a,B]. Av G gival pia Tapdyouoa g f oo [a,f],
T6TE ; [ " fwdt =6(8) - 6@
4) Av n ouvdpTtnon f éxel Tapayouca o€ éva didoTnua A kai A € IR *, 101€ 10XUELl:

jﬁ M(x)dx = [ ﬁ f(x)dx

5) loyxter n oxéon jﬁf(x)g'(x)dx =[Fx)a(x) - jﬁf'(x)g(x)dx, omou f',g’eival  ouvexeig
ouvapTtnoeig oTo [a,f].
6) ‘Eotw f pia ouvexng auvapTtnon oe éva didotnua [a,B]. Av G civarl yia rapayouca 1n¢ f oTo [a,f],

rore [ f(t)dt = G(o) - G(§)
7) Av f ouvd@pTtnon ouvexng oto didoTnua [a,B] kal yia KaBe x € [a, B] 1oxvel f(x) =20 TOTE :
['fdx >0

ME TNV TTPOUTTOBECN OTI Ta XpNOIYoTToloUpeva aUPBOAA €xouv vonua.
8) Av f, g, g” cival ouvexeig ouvapTioeig oTo didoTnua [a,B], ToTE

[ 160900 = ['f egax- '3 0

B B
9) Av n f gival ouvexig oe didoTnua A kai a,B,yEA 1éTE 10X UEI : _[ f(x)dx = ny(x)dx +_[ f(x)dx
o o Y

10) To oAokAnpwua J'ﬁf(x)dx gival ioo pe 1o ABpoiocua Twv gPRAdWY TWV XwpPiwv TTou BpiokovTal

TTavw ato Tov afova x'x peiov 10 dBpoioua Twv eUfadwy Twv Xwpiwv TTou BpiokovTal KATw aTrd
TOV dgova x'X.

11) Av yia ouvaptnon f gival ouvexng o€ éva diaotnua [a, B] kar 1Ioxvel f(x) < 0 yia kGBe x€[a, ],
TOTE TO €UPAdOV Tou Xwpiou Q TTOU OpileTal aTTd TN YPaAIKN TTapdoTacn TG f, TIC eubeiec x=q,

x=B kai Tov dova Xx'x givar: E(Q) = Iﬁf(x)dx
12) Av pia ouvdptnon f gival cuvexng oTto kAeioTé didoTtnua [a,B] kai 1oxUel f(x)=0 yia kédBe xe[a,f],
rore [ (x)dx 2 0.

13)loyuer: IBf (X)g'(x)dx = [f (x)g(x)]’ + jﬁf '(x)g(x)dx, otou ', g” €ival ouvexeic oUVOPTAOEIG OTO
[a,B]

14) ‘Eotw f pia ouvexng ouvaptnon o€ éva didotnua [a, B]. Av G gival pia Tapdyouca 1ng f oT1o
[, Bl 1ot . [F(t)dt = G(or) - G(B)
15) ‘EoTw f yia ouvexng ouvdptnon ot éva didotnua [a,B]. Av ioxtel 611 f(x) >0 yia kd8e xe[a,B],

Kal n ouvaptnon f dev gival TTavriou undév ato dIACTNPA aUTO, TOTE jﬁf (x)dx > 0.

ANANTHZEIZ EPQTHIEQN SQFXTOY — AAOOYE ANO MANEAAHNIEE 2000 — 2020
3° KEQAAAIO
DA 2)E 3)T 4)T 5 6)A 7)A 8)A 9= 10)L 11DA 12)L 13)A 14)A 15)%
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